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HARMONIC MAPS AND REPRESENTATIONS OF NON-UNIFORM
LATTICES OF PU(m, 1)
VINCENT KOZIARZ AND JULIEN MAUBON
Abstrat. We study representations of latties of PU(m, 1) into PU(n, 1). We show that
if a representation ρ is redutive and if m ≥ 2, then there exists a nite energy harmoni
ρ-equivariant map from HmC to H
n
C . This allows us to give a dierential geometri proof of
rigidity results obtained by M. Burger and A. Iozzi. We also dene a new invariant assoiated
to representations into PU(n, 1) of non-uniform latties of PU(1, 1), and more generally
of fundamental groups of orientable surfaes of nite topologial type and negative Euler
harateristi. We prove that this invariant is bounded by a onstant depending only on the
Euler harateristi of the surfae and we give a omplete haraterization of representations
with maximal invariant, thus generalizing the results of D. Toledo for uniform latties.
0. Introdution
Latties in semi-simple Lie groups with no ompat fator (say, dened over R and with
trivial enter) enjoy several rigidity properties. For example, with the exeption of latties in
groups loally isomorphi to PSL(2,R), they all satisfy Mostow strong rigidity, whih roughly
means the following. Take two suh Lie groups G and H, an irreduible lattie Γ in G,
and a representation (that is, a homomorphism of groups) of Γ into H. Assume that the
representation is faithful and that the image of Γ is also a lattie in H. Then the representation
extends to a homomorphism from the ambient Lie group G to H (see [Mo73℄). Another type
of rigidity, known as Margulis superrigidity, provides the same kind of onlusion but with
muh weaker assumptions: the only hypothesis is that the image of Γ should be Zariski-dense
in H. Superrigidity holds for latties in Lie groups of rank at least 2 ([Ma91℄) and for latties
of quaternioni or otonioni hyperboli spaes (that is, latties in the rank one Lie groups
Sp(m, 1), m ≥ 2, and F−204 ) (see [Co92℄ and [GS92℄). On the ontrary, for latties of real and
omplex hyperboli spaes, namely, latties in the other rank one Lie groups PO(m, 1) and
PU(m, 1), superrigidity is known to fail in general.
In this paper, we will fous on latties in PU(m, 1), the group of orientation-preserving
isometries (or equivalently, of biholomorphisms) of omplex hyperboli m-spae Hm
C
=
PU(m, 1)/U(m). They are of partiular interest beause they lie somewhere in between the
very exible latties of PO(m, 1) and those, superrigid, of the higher rank Lie groups.
In [GM87℄, W. M. Goldman and J. J. Millson studied representation spaes of uniform
torsion-free latties Γ < SU(m, 1) (whih an be onsidered as latties in PU(m, 1)) into
PU(n, 1), for n > m ≥ 2. They proved that there are no non-trivial deformations of the
standard representation of suh a lattie. This means that all nearby representations are
C-Fuhsian, namely, they are disrete, faithful, and they stabilize a totally geodesi opy of
H
m
C
in H
n
C
. The ase m = 1 was previously treated by Goldman in [Go85℄. Note that the
orresponding statement for latties in PO(m, 1) is false (f. for example [JM87℄).
They also onjetured that a muh stronger rigidity should hold. The volume of a represen-
tation ρ of a torsion-free uniform lattie Γ < PU(m, 1) into PU(n, 1) is dened by pulling-bak
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the Kähler form of H
n
C
on H
m
C
via the representation, taking its m-th exterior power to obtain
a de Rham ohomology lass in H2mDR(Γ\HmC ) and evaluating it on the fundamental lass of
the ompat quotient Γ\Hm
C
. Observe that if Γ < SU(m, 1) and if ρ : Γ −→ PU(n, 1), n > m,
is the standard representation, then vol(ρ) = Vol(Γ\Hm
C
). Their onjeture then reads: any
representation ρ suh that vol(ρ) = Vol(Γ\Hm
C
) must be C-Fuhsian. This was proved by
K. Corlette in [Co88℄ for m ≥ 2 and by D. Toledo in [To89℄ for m = 1. Remark that the
volume assumption is needed preisely beause latties in PU(m, 1) are not superrigid.
Reently, M. Burger and A. Iozzi proved in [BI01℄ (see also [Io02℄) that the onjeture is
also true for non-uniform latties of PU(m, 1), m ≥ 2, if one suitably modies the denition
of the volume of the representation (indeed, with the former one, any representation of a
non-uniform lattie has zero volume). We will explain preisely how this invariant is omputed
in setion 3.1 but here we sketh its denition. Again, the Kähler form ωn of H
n
C
is pulled-
bak to the quotient Γ\Hm
C
via the representation. It turns out that this gives a well-dened
L2-ohomology lass in H2(2)(Γ\HmC ). Now, integrating a L2-representative ρ⋆ωn against the
Kähler form ωm of Γ\HmC , we get the Burger-Iozzi invariant (slightly modied from [BI01℄):
τ(ρ) :=
1
2m
∫
Γ\Hm
C
〈ρ⋆ωn, ωm〉dVm .
In omplex dimension 1 and for uniform latties, this invariant oinides with the invariant
dened in [To89℄. We an now state the main theorem of [BI01℄:
Theorem A Let Γ be a torsion-free lattie in PU(m, 1), m ≥ 2, and let ρ : Γ −→ PU(n, 1)
be a representation. Then |τ(ρ)| ≤ Vol(Γ\Hm
C
) and equality holds if and only if there exists a
totally geodesi isometri ρ-equivariant embedding of Hm
C
into H
n
C
(in partiular, ρ(Γ) seen as
a subgroup of PU(m, 1) is a lattie).
Burger and Iozzi's proof heavily relies on the theory of bounded ohomology developed by
Burger and N. Monod in [BM02℄. As a orollary, they obtain the result of Goldman and
Millson for a general lattie:
Corollary A' Let Γ be a torsion-free lattie in SU(m, 1), m ≥ 2, and let n > m. Then there
are no non-trivial deformations of the standard representation of Γ into PU(n, 1).
The aim of this paper is to use harmoni map tehniques to give a new and more (dierential)
geometri proof of Theorem A and to extend this result to the ase of omplex dimension 1,
that is, of non-uniform latties of PU(1, 1).
The over-all harmoni map strategy for proving rigidity results about representations of
latties in a Lie Group G to another Lie group H goes as follows. First, one has to know
that there exists a harmoni map between the orresponding symmetri spaes, equivariant
w.r.t. the representation. Then, one must prove, generally by using a Bohner-type formula,
that there are additional onstraints on the harmoni map, whih fore it to be pluriharmoni,
holomorphi, totally geodesi, or isometri, depending on the situation.
For a uniform Γ and when the target symmetri spae is non-positively urved (whih
will be assumed from now on), the existene results for harmoni maps go bak to J. Eells
and J. H. Sampson in [ES64℄ and have been extended by several authors, in partiular by
Corlette in [Co88℄. The seond step was pionneered by Y.-T. Siu in [Si80℄ where he proved
a strenghtened version of Mostow strong rigidity theorem in the ase of Hermitian loally
symmetri spaes. This has later on been applied in dierent diretions by many authors. We
should mention the proof of the above onjeture of Goldman and Millson by Corlette in [Co88℄
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and the geometri proof of Margulis superrigidity theorem in the Arhimedean setting worked
out by N. Mok, Y.-T. Siu and S.-K. Yeung in [MSY93℄.
When the lattie is not uniform, the only general existene theorem for harmoni maps is
due to Corlette in [Co92℄, see Theorem 1.1 below. The main issue is that to apply this theorem,
one needs to prove that there exists an equivariant map of nite energy (see setion 1 for the
denition). If this is the ase, the harmoni map also has nite energy and the seond step
generally goes as if the lattie was uniform, but is tehnially more involved. The energy
niteness ondition is very important, and in general diult to prove. In some partiular
ases it is possible to obtain a harmoni map by other means (see for example [JZ97℄ and
setion 4 of this paper) but then its energy is innite and the analysis that follows beomes
muh harder. These are the reasons why, for example, geometri superrigidity for non-
uniform latties is not yet proved.
Our paper is organized as follows. The rst three setions are devoted to the proof of
Theorem A. In setion 1 we give the neessary denitions and we prove that Corlette's general
theorem applies in our setting, so that we obtain our main existene theorem (f. Theorem 1.2):
Theorem B Let Γ be a torsion-free lattie in PU(m, 1), m ≥ 2, and ρ : Γ −→ PU(n, 1) be a
representation suh that ρ(Γ) has no xed point on the boundary at innity of Hn
C
. Then there
exists a nite energy harmoni ρ-equivariant map from Hm
C
to H
n
C
.
In setion 2 we prove that the harmoni map previously obtained is pluriharmoni and
even holomorphi or antiholomorphi if its rank is high enough (at least 3 at some point).
Setion 3 is devoted to the preise denition of the Burger-Iozzi invariant and to the proof of
Theorem A.
In setion 4, we study the ase of latties of PU(1, 1), that is, of fundamental groups
of Riemann surfaes with a nite volume hyperboli metri. The analogue of Theorem A for
uniform latties was proved by Toledo in [To89℄. In [GP03℄ (see also [GP00℄), N. Gusevskii and
J. R. Parker laim that if one restrits to type-preserving representations, then the original
denition of the Toledo invariant an be used to generalize Toledo's result to non-uniform
latties. However, it seems to us that this laim is not entirely exat (see for example the
remark following Proposition 4.5).
There are mainly two reasons why the 1-dimensional ase is dierent from the higher dimen-
sional one. First of all, Toledo and/or Burger-Iozzi invariants are not dened for non-uniform
latties. Seondly, there are representations for whih no equivariant map of nite energy
exists. It should also be noted that Corollary A' fails in this ase by a result of Gusevskii and
Parker (f. [GP00℄).
As we shall see, it is in fat more natural to work in the general setting of fundamental
groups of orientable surfaes of nite topologial type, that is surfaes obtained by removing
nitely many points from losed orientable surfaes. Using ohomology with ompat support,
we dene at the beginning of setion 4 a new invariant assoiated to representations of these
fundamental groups into PU(n, 1), whih we again all τ . We obtain (see Theorem 4.3):
Theorem C Let Γ be the fundamental group of a p-times puntured losed orientable surfae
M of negative Euler haraterisi χ(M), and let ρ : Γ −→ PU(n, 1) be a representation. Then
|τ(ρ)| ≤ −2piχ(M) and equality holds if and only if ρ(Γ) stabilizes a omplex geodesi L in
H
n
C
, ρ is faithful and disrete, and M is dieomorphi to the quotient ρ(Γ)\L.
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The proof relies on the fat that though there may be no equivariant map of nite energy,
there exists an equivariant harmoni map whose energy density an be ontrolled. This ontrol
allows us to extend the proofs given in the nite energy ase to this setting.
Remark. In an earlier version of this paper, Theorem C was proven in a weaker form, and
only for what we all tame representations (see Denition 4.2). M. Burger and A. Iozzi then
informed us that their methods should allow them to get rid of this tameness assumption.
Later, they ommuniated us the text [BI03℄, where they dene a bounded Toledo number
and prove Theorem C.
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1. Existene of finite energy equivariant harmoni maps
In this setion, we assume that m ≥ 2.
Let Γ be a torsion-free lattie in PU(m, 1), the group of biholomorphisms of omplex hy-
perboli m-spae Hm
C
and let ρ : Γ −→ PU(n, 1) be a representation into the group of biholo-
morphisms of omplex hyperboli n-spae Hn
C
.
We all M the quotient manifold Γ\Hm
C
. The representation ρ determines a at bundle
M ×ρ HnC over M with bers isomorphi to HnC. Sine HnC is ontratible, this bundle has
global setions. This is equivalent to the existene of maps (belonging to the same homotopy
lass) from H
m
C
to H
n
C
, equivariant w.r.t. the representation ρ. Let f be suh a map (or
setion).
We an onsider the dierential df of f as a f⋆THn
C
-valued 1-form on H
m
C
. There is a
natural pointwise salar produt on suh forms oming from the Riemannian metris gm and
gn (of onstant holomorphi setional urvature −1) on HmC and HmC : if (ei)1≤i≤2m is a gm-
orthonormal basis of TxH
m
C
, then ‖df‖2x :=
∑
i gn(df(ei),df(ei)). Sine f is ρ-equivariant and
the ation of Γ on Hn
C
via ρ is isometri, ‖df‖ is a well-dened funtion on M . We say that
f has nite energy if the energy density e(f) := 12‖df‖2 of f is integrable on M :
E(f) =
1
2
∫
M
‖df‖2dVm < +∞ ,
where dVm is the volume density of the metri gm. When there is no risk of onfusion, we will
write e instead of e(f) for the energy density of f .
There is also a natural onnetion ∇ on f⋆THn
C
-valued 1-forms on H
m
C
oming from the
Levi-Civita onnetions ∇m and ∇n of Hm
C
and H
n
C
. If ∇f⋆THnC denotes the onnetion indued
by ∇n on the bundle f⋆THn
C
−→ Hm
C
, then ∇df(X,Y ) = ∇f⋆THnCX df(Y ) − df(∇mXY ). Sine
∇m and ∇n are torsion-free, ∇df is a symmetri 2-tensor taking values in f⋆THn
C
.
A map f : Hm
C
−→ Hn
C
is said to be harmoni if trgm∇df = 0.
The following theorem of Corlette ([Co92℄) implies that if there exists a nite energy ρ-
equivariant map from the universal over H
m
C
of M to Hn
C
, and under a very mild assumption
on ρ, then there exists a harmoni ρ-equivariant map of nite energy from Hm
C
to H
n
C
:
Theorem 1.1. Let X be a omplete Riemannian manifold and Y a omplete simply-onneted
manifold with non-positive setional urvature. Let ρ : pi1(X) −→ Isom(Y ) be a representation
suh that the indued ation of pi1(X) on the sphere at innity of Y has no xed point (ρ is
then alled redutive). If there exists a ρ-equivariant map of nite energy from the universal
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over X˜ of X to Y , then there exists a harmoni ρ-equivariant map of nite energy from X˜
to Y .
Theorem B will therefore follow from the
Theorem 1.2. Let Γ be a torsion-free lattie in PU(m, 1), m ≥ 2, and let ρ be a representation
of Γ into PU(n, 1). Then there exists a nite energy ρ-equivariant map Hm
C
−→ Hn
C
.
Proof . Of ourse this is trivially true if the manifold is ompat, that is, if Γ is a uniform
lattie. To prove the theorem in the non-uniform ase, we reall some known fats about the
struture at innity of the nite volume omplex hyperboli manifold M = Γ\Hm
C
, f. for
example [Go99℄, or [Bi97℄ and [HS96℄.
We will work with the Siegel model of omplex hyperboli spae:
H
m
C = {(z, w) ∈ Cm−1 × C | 2Re(w) > 〈〈z, z〉〉} ,
where 〈〈., .〉〉 is the standard Hermitian produt on Cm−1. We will all h the funtion given
by h(z, w) = 2Re(w)− 〈〈z, z〉〉. The boundary at innity of Hm
C
is the set {h = 0} ∪ {∞} and
the horospheres in H
m
C
entered at ∞ are the level sets of h. The omplex hyperboli metri
(of onstant holomorphi setional urvature −1) in the Siegel model of Hm
C
is given by
gm =
4
h(z, w)2
[
(dw − 〈〈dz, z〉〉)(dw¯ − 〈〈z, dz〉〉) + h(z, w)〈〈dz, dz〉〉
]
.
The stabilizer P of∞ in PU(m, 1) is the semi-diret produt N 2m−1⋊(U(m−1)×{φs}s∈R)
where N 2m−1 is the (2m − 1)-dimensional Heisenberg group, U(m − 1) is the unitary group
and {φs}s∈R is the one-parameter group orresponding to the horoyli ow assoiated to∞.
The group N 2m−1 is a entral extension of Cm−1 and an be seen as Cm−1 ×R with produt
given by (ξ1, ν1)(ξ2, ν2) = (ξ1+ ξ2, ν1+ ν2+2Im〈〈ξ1, ξ2〉〉). This is a two-step nilpotent group
whih ats simply transitively and isometrially on horospheres. Its enter Z is the group of
vertial translations: {(0, ν), ν ∈ R}.
If we set u+ iv = 2w−〈〈z, z〉〉, we obtain the so-alled horospherial oordinates (z, v, u) ∈
C
m−1 × R× R⋆+, in whih the ation of P on HmC is given by:
(ξ, ν)Aφs.(z, v, u) = (Ae
−sz + ξ, e−2sv + ν + 2Im〈〈ξ,Ae−sz〉〉, e−2su)
and the metri gm takes the form
gm =
du2
u2
+
1
u2
(
− dv + 2Im〈〈z, dz〉〉
)2
+
4
u
〈〈dz, dz〉〉 .
Replaing u by t = log u, the metri tensor deomposes as:
gm = dt
2 + e−2t
(
− dv + 2Im〈〈z, dz〉〉
)2
+ 4e−t〈〈dz, dz〉〉 .
The oordinates (z, v, t) ∈ Cm−1 × R× R will also be alled horospherial oordinates.
A omplex hyperboli manifold M of nite volume is the union of a ompat part and a
nite number of disjoint usps. Eah usp C ofM is dieomorphi to the produt N×[0,+∞),
where N is a ompat quotient of some horosphere HS in Hm
C
. We an assume that HS is
entered at ∞. The fundamental group ΓC of C, hene of N , an be identied with the
stabilizer in Γ of the horosphere HS: it is therefore equal to Γ ∩ (N 2m−1 ⋊U(m− 1)).
If we all β the 1-form −dv+2Im〈〈z, dz〉〉 on Hm
C
, it is easily heked that dct := Jdt = e−tβ.
Therefore, sine N 2m−1 ⋊U(m− 1) preserves the horospheres, t, dt2, and β are invariant by
ΓC . The deomposition of gm hene goes down to the usp C and we have:
gm = dt
2 + e−2tβ2 + e−tg ,
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where g is the image of 4〈〈dz, dz〉〉.
Remark. The Kähler form ωm, whih we normalize so that ωm(X,JX) ≥ 0, is of ourse exat
on H
m
C
. More preisely, ωm = −ddct = −d(e−tβ). The invariane of t and β implies that this
relation still holds in the usps of M .
For latties in Sp(m, 1), m ≥ 2, or in F−204 , Corlette proves in [Co92℄ a simple lemma that
allows him to dedue the existene of nite energy equivariant maps. Here, the same idea will
only provide the result for m ≥ 3:
Lemma 1.3. Assume m ≥ 3. Then there exists a nite energy retration of M = Γ\Hm
C
onto
a ompat subset of M .
Proof . It is enough to onstrut the retration on a usp C = N × [0,+∞) of M : we dene
r : N × [0,+∞) −→ N × {0} obviously by r(x, t) = (x, 0).
If ( ∂∂t ,
∂
∂v , e3, . . . , e2m) is an orthonormal basis of T(x,0)C ompatible with the splitting of gm,
then ( ∂∂t , e
t ∂
∂v , e
t/2e3, . . . , e
t/2e2m) is suh a basis of T(x,t)C. Hene, ‖dr‖2(x,t) = e2t+(2m−2)et.
If we all dVN the volume element of N × {0}, the volume element of N × {t} is given by
e
1
2
(−2t−(2m−2)t)dVN = e−mtdVN . Hene, the energy of r on C is
1
2
∫
C
‖dr‖2 dVm = 1
2
∫ +∞
0
∫
N
(2(m− 1)et + e2t)e−mt dVN dt .
This is learly nite if m ≥ 3. 
This retration lifts to a map r˜ : Hm
C
−→ Hm
C
, invariant by Γ. Therefore, if f : Hm
C
−→ Hn
C
is any ρ-equivariant map, so is f ◦ r˜, and its energy is nite. The theorem is therefore proved
if m ≥ 3.
In the ase m = 2, the energy density of the retration r grows like e2t when t goes to
innity whereas the volume element grows like e−2t: the energy of r is innite and we need a
deeper analysis of the situation in the usps.
We x a usp C = N × [0,+∞) of M and we look for a nite energy map from the
universal over HS × [0,+∞) of C to Hn
C
, equivariant w.r.t. the fundamental group ΓC of C
(equivalently, a setion of the restrition of the at bundle M ×ρ HnC to C ⊂M).
As we said, ΓC an be seen as a subgroup of N ⋊ U(1), where now N := N 3 is just
C × R. It follows from L. Auslander's generalization of Bieberbah's theorem (f. [Au60℄)
that ΓN := ΓC ∩ N is a disrete uniform subgroup of N , of nite index in ΓC . Therefore
([Au60℄, Lemma 1.3.), ΓN annot be ontained in any proper analyti subgoup of N . From
this, it is easy to dedue that there exists ε > 0 suh that, for all γ = (ξγ , νγ) ∈ ΓN ,
|ξγ | > ε as soon as ξγ 6= 0. In other words, the image of the homomorphism of groups
T : ΓN −→ C, γ 7−→ ξγ , is a lattie in C. Let γ1 = (ξ1, ν1) and γ2 = (ξ2, ν2) be two elements
of ΓN suh that ξ1 and ξ2 generate the lattie T (ΓN ). A straightforward omputation yields
[γ1, γ2] := γ1γ2γ
−1
1 γ
−1
2 = (0,−2Im(ξ1ξ2)). Sine ξ1 and ξ2 are linearly independent (over R),
Im(ξ1ξ2) 6= 0 and hene the subgroup ΓZ := ΓC ∩ Z of ΓN is non trivial. It is therefore
isomorphi to Z and we all γ0 its generator. Note that γ0, γ1 and γ2 generate ΓN .
The onstrution of the equivariant map will depend on the type of ρ(γ0). Reall that an
isometry of H
n
C
an be of one of the following (exlusive) 3 types:
• ellipti if it has a xed point in Hn
C
;
• paraboli if it has exatly one xed point on the sphere at innity of Hn
C
and no xed
points in H
n
C
;
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• hyperboli if it has exatly two xed points on the sphere at innity of Hn
C
and no xed
points in H
n
C
. In this ase, the isometry ats by translation on the geodesi joining its
xed points at innity.
Claim 1.4. ρ(γ0) an not be a hyperboli isometry of H
n
C
.
Proof . Assume that ρ(γ0) is a hyperboli isometry of H
n
C
and all A0 its axis (the geodesi
joining its xed points). Then, sine γ1 and γ2 ommute with γ0, their images by ρ ommute
with ρ(γ0), hene they must x A0 and at on it by translations: there exist τ1, τ2 ∈ R suh
that ρ(γ1)A0(t) = A0(t + τ1) and ρ(γ2)A0(t) = A0(t + τ2). This implies that ρ([γ1, γ2]) ats
trivialy on A0. But [γ1, γ2] = γ0
p
for some p ∈ Z⋆ and ρ(γ0) does not at trivially on A0. This
is a ontradition. 
Hene ρ(γ0) is either ellipti or paraboli. In both ases we will start by onstruting an
equivariant map from the universal over HS ≃ N of N and then we shall extend it to the
universal over of the whole usp.
Case 1: ρ(γ0) is paraboli. The idea is to nd an equivariant map from HS to a horosphere
in H
n
C
entered at the xed point of ρ(γ0) on the sphere at innity ∂H
n
C
of H
n
C
and then to
extend it to HS × [0,+∞) using the horoyli ow dened by the xed point. Roughly
speaking, when t goes to innity, the image of HS×{t} must go to innity in Hn
C
fast enough
so that the deay of the metri in H
n
C
prevents the energy density of the map from growing
too quikly.
Using again the Siegel model forH
n
C
, we may assume that the xed point of ρ(γ0) is∞. Sine
γ0 is in the enter of ΓC , the whole group ρ(ΓC) must x∞, and therefore must be ontained
in its stabilizer in PU(n, 1). Moreover, ρ(ΓC) must stabilize eah horosphere entered at ∞.
For, if this was not the ase, there would be an element γ ∈ ΓC suh that ρ(γ) is hyperboli.
But then, sine γ0 ommutes with γ, ρ(γ0) would x the axis of ρ(γ). This is impossible sine
we assumed that ρ(γ0) is paraboli.
We see H
n
C
as C
n−1 × R× R with horospherial oordinates (z′, v′, t′ = log u′). The metri
gn at a point (z
′, v′, t′) is given by gn = dt′2 + e−2t
′
(−dv′ +2Im〈〈z′, dz′〉〉)2 +4e−t′〈〈dz′, dz′〉〉.
Let HS′ ⊂ Hn
C
be the horosphere C
n−1 × R × {0}. The representation ρ an be seen as a
homomorphism from the fundamental group of N to the isometry group of HS′. Sine HS′
is ontratible, there exists a ρ-equivariant map ϕ from the universal over HS ⊂ Hm
C
of N
to the horosphere HS′ ⊂ Hn
C
. Now, dene a ρ-equivariant map f from the universal over
HS × [0,+∞) of the usp C = N × [0,+∞) to Hn
C
by:
f : HS × [0,+∞) −→ HS′ × [0,+∞) ⊂ Hn
C
(x, t) 7−→ (ϕ(x), 2t)
Using the same notation as in Lemma 1.3, the energy density of f an be estimated as follows:
‖df‖2(x,t) = |df( ∂∂t)|2(ϕ(x),t) + e2t|df( ∂∂v )|2(ϕ(x),t) + et
∑4
k=3 |df(ek)|2(ϕ(x),t)
≤ 4 + e−2t
(
e2t|dϕ( ∂∂v )|2(ϕ(x),0) + et
∑4
k=3 |dϕ(ek)|2(ϕ(x),0)
)
≤ 4 + ‖dϕ‖2x
where ‖dϕ‖ denotes the norm of the dierential of ϕ : HS −→ HS′ omputed with the metris
of HS and HS′ indued from gm and gn.
The energy of f in the usp C is therefore nite sine:
EC(f) =
1
2
∫
C
‖df‖2dVm ≤ 1
2
∫ +∞
0
∫
N
(
4 + ‖dϕ‖2
)
e−2tdVNdt < +∞ .
8 VINCENT KOZIARZ AND JULIEN MAUBON
Case 2: ρ(γ0) is ellipti. In this ase, there is no anonial diretion in whih to send the
slies HS × {t} to innity in Hn
C
. One the equivariant map f is onstruted on HS × {0},
the most natural way to dene it on HS × {t} is to set f|HS×{t} = f|HS×{0}. Therefore, the
growth of the energy density in the usp annot be ontroled by some deay of the metri in
H
n
C
, and we must ontrol it at the start. We shall ahieve this by demanding the equivariant
map HS −→ Hn
C
to be onstant in the vertial diretion R of HS = C× R.
As mentionned before, ΓN is a nite index subgroup of ΓC and we have the tower of
overings:
HS = C× R ΓN−→ N̂ ΓC/ΓN−→ N ,
where N̂ = (C×R)/ΓN is a irle bundle over the 2-torus T = C/T (ΓN ), and ΓC/ΓN an be
seen as a nite subgroup of U(1), ating freely on this bundle.
The group ΓC/ΓN is generated by a primitive p-th root of unity a and its ation on C
preserves the lattie T (ΓN ) ⊂ C. This implies that a is a root of a degree 2 polynomial with
integer oeients and hene the possible values of a are 1, −1, ei 2π3 , i, or eiπ3 . On the other
hand, the number of possible latties is also restrited:
• if a = 1 or a = −1, T (ΓN ) an be any lattie of C;
• if a = i, T (ΓN ) must be a square lattie, meaning that we an hoose the rst two
generators γ1 = (ξ1, ν1) and γ2 = (ξ2, ν2) of ΓN so that ξ2 = iξ1;
• if a = ei 2π3 or a = eiπ3 , T (ΓN ) must be an equilateral triangle lattie, meaning that we
an hoose γ1 and γ2 so that ξ2 = e
iπ
3 ξ1.
We start with the ase a = 1, namely ΓN = ΓC . We want to dene a map ϕ from C to HnC
and then to extend ϕ to C×R by ϕ(z, v) = ϕ(z), so that this extended map is equivariant w.r.t.
the ation of ΓC . An obvious neessary ondition is that ϕ : C −→ HnC must be equivariant
w.r.t. the ation of T (ΓC) on C. Another neessary ondition is that ϕ should send C to the
xed points set Fix0 of ρ(γ0) in H
n
C
. Indeed, for any z ∈ C, γ0(z, 0) belongs to {z} ×R and ϕ
maps {z} × R to the point ϕ(z). These two onditions are also learly suient.
So let x0 ∈ HnC be a xed point of ρ(γ0) and set ϕ(0) = x0. Sine γi = (ξi, νi), i = 1 or 2,
ommutes with γ0, the point xi = ρ(γi)x0 must also be xed by ρ(γ0). Let σ0i be the geodesi
ar in H
n
C
joining x0 to xi. Note that Fix0 is a onvex subset of H
n
C
and hene σ0i is inluded in
Fix0. Let ϕ map the segment [0, ξi] onto σ0i. We then map the segment [ξ1, ξ1+ξ2] to ρ(γ1)σ02
and the segment [ξ2, ξ1+ ξ2] to ρ(γ2)σ01. This is well dened sine ρ(γ1)(x2) = ρ(γ1γ2)(x0) =
ρ(γ2γ1)ρ(γ
−1
1 γ
−1
2 γ1γ2)x0 = ρ(γ2γ1)ρ(γ
k
0 )x0 = ρ(γ2γ1)x0 = ρ(γ2)(x1). Moreover, beause of
the ommutation of γ1 and γ2 with γ0, ρ(γ1)σ02 and ρ(γ2)σ01 are inluded in Fix0.
Hene we get an equivariant map ϕ from the boundary of a fundamental domain of T (ΓC)
in C to Fix0 (ϕ an be made smooth, for example by taking it onstant near 0, ξ1 and ξ2).
We an therefore extend ϕ to a T (ΓC)-equivariant map from C to Fix0.
Dene now f : HS × [0,+∞) = C×R× [0,+∞) −→ Fix0 ⊂ HnC by f(z, v, t) = ϕ(z). The
map f is ρ-equivariant and its energy density is:
‖df‖2(x,t) = |df(
∂
∂t
)|2ϕ(x) + e2t|df(
∂
∂v
)|2ϕ(x) + et
4∑
k=3
|df(ek)|2ϕ(x) = 0 + 0 + et‖dϕ‖2x
where ‖dϕ‖ denotes the norm of the dierential of ϕ : C −→ Fix0 omputed with the metris
of C× {0} ⊂ HS ⊂ Hm
C
and Fix0 ⊂ HnC indued from gm and gn.
Therefore, EC(f) =
1
2
∫ +∞
0
∫
N ‖dϕ‖2e−tdVNdt < +∞ .
Now, onsider the ases where a 6= 1. We want to proeed as we just did, namely, we
want to rst onstrut a map ϕ from C to Hn
C
and then extend it to HS by requiring that
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ϕ(z, v) = ϕ(z). The two onditions we mentioned are of ourse still neessary but we need to
be more areful beause of the ation of ΓC/ΓN .
Let γ3 be an element of ΓC suh that γ3ΓN = a. Then γ3 = (ξ3, ν3, a) for some ξ3 ∈ C and
ν3 ∈ R. It is easy to hek that γ0, γ1, γ2 and γ3 generate ΓC .
The rst thing to notie is that the point ζ = ξ31−a is xed by the ation of γ3 on the
C-fator. Sine we want ϕ to be onstant on {ζ}×R, ϕ must send ζ to a xed point of ρ(γ3).
This an be done beause of the:
Claim 1.5. Let γ = (ξ, ν, b) ∈ ΓC be suh that b 6= 1. Then ρ(γ) and ρ(γ0) have a ommon
xed point in H
n
C
.
Proof. Sine γ and γ0 ommute, ρ(γ) stabilizes the totally geodesi submanifold Fix0 of H
n
C
.
Let q be suh that bq = 1. Computing, we get γq = (ξ, ν, b)q = ((
∑q−1
k=0 b
k)ξ, v, bq) = (0, v, 1)
for some v ∈ R. Hene γq belongs to ΓZ : γq is a power of γ0. The orbit under the group
generated by ρ(γ) of any point in Fix0 must therefore be nite and this implies that the ation
of ρ(γ) on Fix0 has a xed point. 
With this in mind, it is now possible to omplete the proof by onstruting ϕ on the
boundary ∂F of a fundamental domain F of the ation of ΓC on the C-fator. Sine γ3 ats
on C by rotation around its xed point ζ, we an hoose a fundamental domain G of the
ation of T (ΓN ) on C, entered at ζ and invariant by γ3. For F we then take a fundamental
domain for the ation of γ3 on G.
We do it in the ase a = ei
π
3
, the other ases are handled similarly.
The lattie T (ΓN ) is generated by ξ1 and ξ2 = ei
π
3 ξ1. Let G be the regular hexagon entered
at ζ with one vertex at the point ζ + 13(ξ1 + ξ2). G is a fundamental domain for the ation of
T (ΓN ) and it is invariant by γ3. Let then F be the quadrilateral whose verties are ζ, ζ+ 12ξ1,
ζ + 13(ξ1 + ξ2) and ζ +
1
2ξ2. F is learly a fundamental domain for the ation of ΓC on C. See
Fig. 1 for a piture.
ξ2
ξ1
ζ
F
Fig. 1
Let now x0 ∈ HnC be a xed point of both γ0 and γ3 (suh a point exists by Claim 1.5). Set
ϕ(ζ) = x0.
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The point ζ + 12ξ1 is xed by γ1γ
3
3 , hene it must be sent by ϕ to a xed point of ρ(γ1γ
3
3).
It follows from Claim 1.5 that ρ(γ1γ
3
3) and ρ(γ0) have a ommon xed point, say x1. Let ϕ
send the vertex ζ + 12ξ1 to x1 and the edge [ζ, ζ +
1
2ξ1] of F to the geodesi ar σ01 joining x0
to x1 in Fix0. Similarly, the vertex ζ +
1
3(ξ1 + ξ2) is a xed point of γ2γ
4
3 and we let ϕ map
it to a xed point x2 of ρ(γ2γ
4
3) in Fix0. We map the edge [ζ +
1
2ξ1, ζ +
1
3(ξ1 + ξ2)] to the
geodesi ar σ12 joining x1 and x2 in Fix0.
Now the edge [ζ, ζ+ 12ξ2] is the image of [ζ, ζ+
1
2ξ1] under γ3 so we must map it to ρ(γ3)(σ01).
In the same way, [ζ + 12ξ2, ζ +
1
3(ξ1 + ξ2)] is the image of [ζ +
1
2ξ1, ζ +
1
3(ξ1 + ξ2)] by γ2γ
4
3
and we must therefore map it to ρ(γ2γ
4
3)(σ12). These denitions of ϕ agree at the point
1
2ξ2.
Indeed, a simple omputation shows that there exists q suh that γ2γ3 = γ
q
0γ3γ1 and therefore,
ρ(γ2γ
4
3)x1 = ρ(γ2γ3γ
3
3)x1 = ρ(γ
q
0γ3γ1γ
3
3)x1 = ρ(γ
q
0γ3)ρ(γ1γ
3
3)x1 = ρ(γ3)ρ(γ
q
0)x1 = ρ(γ3)x1.
Hene ϕ is well dened on ∂F . By onstrution, ϕ is equivariant w.r.t. γ0 and the fae-
pairings γ3 and γ2γ
4
3 whih generate the whole group ΓC .
The onstrution of ϕ and f then goes on as in the ase a = 1.
In this way we obtain a setion fi of the bundle M ×ρ HnC on eah usp Ci of M . This
setion an be extended to a setion f dened on the whole manifold M and sine the energy
of fi : Ci −→M ×ρ HnC is nite for eah i, the energy of f :M −→M ×ρ HnC is nite and we
are done. 
2. Pluriharmoniity and onsequenes
In this setion, we study the properties of nite energy harmoni maps H
m
C
−→ Hn
C
whih
are equivariant w.r.t. a representation ρ of a torsion-free lattie Γ < PU(m, 1) into PU(n, 1).
2.1. Pluriharmoniity.
Theorem 2.1. Let f : Hm
C
−→ Hn
C
be a ρ-equivariant harmoni map of nite energy. Then f
is pluriharmoni, namely, the J-invariant part (∇df)1,1 of ∇df vanishes identially. Moreover
the omplexied setional urvature of H
n
C
is zero on df(T 1,0Hm
C
).
We rst prove a general Bohner-type formula due to Mok, Siu and Yeung (f. [MSY93℄)
in ase Γ is a uniform lattie. We state it in the ase of maps Hm
C
−→ Hn
C
but it is valid in
the more general setting of equivariant maps from an irreduible (rank 1) symmetri spae
of non-ompat type to a negatively urved manifold, as an be seen from the proof. Our
exposition follows [Pa95℄.
Let Rm and Rn be the urvature tensors of gm and gn, and Q be any parallel tensor of
urvature type on H
m
C
. For h a symmetri 2-tensor with values in a vetor bundle over Hm
C
,
dene (
◦
Q h)(X,Y ) = tr(W 7−→ h(Q(W,X)Y,W )).
Remark that if f is a ρ-equivariant map Hm
C
−→ Hn
C
, then, sine Q is parallel and ρ(Γ) ats
by isometries on H
n
C
, the R-valued funtions 〈Q, f⋆Rn〉 and 〈
◦
Q ∇df,∇df〉 on Hm
C
are in fat
ρ-invariant and hene an be onsidered as funtions on M = Γ\Hm
C
:
Proposition 2.2. Let f be a ρ-equivariant harmoni map of nite energy from Hm
C
to H
n
C
and Q a parallel tensor of urvature type on Hm
C
. Then,
(♦)
∫
M
[
〈
◦
Q ∇df,∇df〉 − 1
2
〈Q, f⋆Rn〉
]
dVm = − 1
4m
∫
M
〈Q,Rm〉‖df‖2 dVm ,
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where if Γ is non-uniform, that is if M is non-ompat, the left-hand side should read
limR→∞
∫
M ηR[〈
◦
Q ∇df,∇df〉 − 12〈Q, f⋆Rn〉]dVm, for {ηR} a well-hosen family of ut-o
funtions on M .
Proof. Let us rst assume that M is ompat. All the omputations will be made in a normal
oordinates system.
By denition, (
◦
Q ∇df)(X,Y ) = ∑k(∇df)(Q(ek,X)Y, ek). Sine df is losed, i.e. ∇df is
symmetri, and Q is parallel, we have in fat
◦
Q ∇df(X,Y ) =
∑
k
(∇ekdf)(Q(ek,X)Y ) =
∑
k
(∇ekdf ◦Q)(ek,X)Y = −∇⋆(df ◦Q)(X,Y ) ,
where ∇⋆ is the formal adjoint of ∇: if T is a (p+1)-tensor, (∇⋆T )(X1, . . . ,Xp) := −tr(W 7−→
(∇WT )(W,X1, . . . ,Xp)).
Integrating this relation over M (we assumed M ompat), we get∫
M
〈
◦
Q ∇df,∇df〉dVm = −
∫
M
〈∇⋆(df ◦Q),∇df〉dVm = −
∫
M
〈df ◦Q,∇2df〉dVm
where ∇2df is the 3-tensor ∇(∇df).
Using that Q, and hene df ◦ Q, is skew-symmetri in its rst two variables, one heks
that
〈df ◦Q,∇2df〉 = −1
2
[〈df ◦Q, f⋆Rn〉 − 〈df ◦Q,df ◦Rm〉] .
We have 〈df ◦ Q, f⋆Rn〉 = 〈Q, f⋆Rn〉, where in the r.h.s. f⋆Rn and Q are onsidered as
(4,0)-tensors. Moreover, omputations show that
〈df ◦Q,df ◦Rm〉 =
∑
a,b
1
2
(
〈ιeaQ, ιebRm〉+ 〈ιebQ, ιeaRm〉
)
f⋆gn(ea, eb) ,
where ι denotes interior produt. Now, sine M is loally symmetri, the symmetri 2-tensor
θ given by
θ(X,Y ) =
1
2
(〈ιXQ, ιYRm〉+ 〈ιYQ, ιXRm〉)
is parallel. Thus it must be proportionnal to gm (M is loally irreduible): θ =
1
2m(trgmθ) gm.
Now, trgmθ = 〈Q,Rm〉 and 〈gm, f⋆gn〉 = ‖df‖2, so that 〈df ◦Q,df ◦Rm〉 = 12m〈Q,Rm〉‖df‖2
and hene ∫
M
〈
◦
Q ∇df,∇df〉dVm = 1
2
∫
M
[
〈Q, f⋆Rn〉 − 1
2m
〈Q,Rm〉‖df‖2
]
dVm .
This ends the proof in the ompat ase.
Now assume M is non-ompat of nite volume. The only global step in the preeding
proof is the initial integration by parts. Thus we only have to show that this an be done in
the nite volume ase. We mimi the argument given by Corlette in [Co92℄.
As mentionned earlier, M is the union of a ompat manifold with boundary M0 and of a
nite number of pairwise disjoint usps Ci, eah dieomorphi to a ompat (2m−1)-manifold
Ni times [0,+∞). For eah i, let ti be the parameter in the [0,+∞) fator.
For R > 1, we dene a ut-o funtion ηR on M in the following manner. Take a smooth
funtion η on [0,+∞) identially equal to 1 on [0, 1] and to 0 on [2,+∞). Set
ηR(x) =
{
1 if x ∈M0,
η
( ti
R
)
if x ∈ Ci.
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Sine ηR is a horofuntion along eah usp (f. [Hel84℄, II.3.8), the absolute value |∆ηR| of
its Laplaian is bounded independently of R. Moreover, the norm ‖dηR‖ of its dierential is
bounded by a onstant times
1
R .
Introduing ηR in the integration by parts, we obtain∫
M
ηR 〈
◦
Q ∇df,∇df〉dVm = −
∫
M
〈∇⋆(df ◦Q), ηR∇df〉dVm
= −
∫
M
〈df ◦Q, ηR∇2df + dηR ⊗∇df〉dVm
= −
∫
M
ηR 〈df ◦Q,∇2df〉dVm −
∫
M
〈df ◦Q,dηR ⊗∇df〉dVm
=
1
2
∫
M
ηR
[
〈Q, f⋆Rn〉 − 1
2m
〈Q,Rm〉‖df‖2
]
dVm
−
∫
M
〈df ◦Q,dηR ⊗∇df〉dVm .
Thus, ∫
M
ηR
[
〈
◦
Q ∇df,∇df〉 − 1
2
〈Q, f⋆Rn〉
]
dVm = − 1
4m
∫
M
ηR〈Q,Rm〉‖df‖2dVm
−
∫
M
〈df ◦Q,dηR ⊗∇df〉dVm .
The tensors Q and Rm are parallel and hene 〈Q,Rm〉 is onstant on M . Therefore,
〈Q,Rm〉‖df‖2 is integrable and the rst term in the r.h.s. goes to − 14m
∫
M 〈Q,Rm〉‖df‖2dVm
as R goes to innity. On the other hand we have ‖dηR‖ ≤ CR for some onstant C independent
of R and hene( ∫
M
〈df ◦Q,dηR ⊗∇df〉dVm
)2
≤
( ∫
M
‖df ◦Q‖2dVm
)( ∫
M
‖dηR ⊗∇df‖2 dVm
)
≤
( ∫
M
1
2m
‖Q‖2‖df‖2dVm
)( ∫
M
2m ‖dηR‖2 ‖∇df‖2 dVm
)
≤ C
2
R2
( ∫
M
‖Q‖2‖df‖2dVm
)(∫
M
‖∇df‖2 dVm
)
.
Sine Q is parallel, ‖Q‖ is onstant and ∫M ‖Q‖2‖df‖2dVm is nite.
The next lemma implies that limR→∞
∫
M 〈df ◦Q,dηR ⊗∇df〉dVm = 0 and therefore ends
the proof of Proposition 2.2. 
Lemma 2.3. ‖∇df‖ belongs to L2(M): ∫M ‖∇df‖2 dVm < +∞.
Proof . Beause the energy density e of f is integrable on M , and using Green's formula, we
see that ∫
M
(∆e) ηR dVm =
∫
M
e (∆ηR) dVm
is bounded independently of R. Now, sine we assumed that f is harmoni, the Bohner-type
formula of Eells-Sampson ([ES64℄) reads:
∆e = −‖∇df‖2 + Scal(f⋆Rn)− 〈df ◦ Ricm,df〉 ,
where Scal(f⋆Rn) denotes the salar ontration of the urvature tensor f⋆Rn and Ricm is
the Rii tensor of gm seen as an endomorphism of TH
m
C
. Sine H
n
C
is negatively urved and
Ricm = −12(m+ 1)Id, we get ‖∇df‖2 ≤ −∆e+ (m+ 1) e and thus ‖∇df‖2 is integrable. 
Let us all I, resp. IC, the (3,1)-tensor of urvature type on M = Γ\HmC (or on HmC ) given
by I(X,Y )Z = gm(X,Z)Y − gm(Y,Z)X, resp. IC(X,Y )Z = 14(I(X,Y )Z + I(JX, JY )Z
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2gm(JX, Y )JZ), for all X,Y,Z ∈ THmC . The urvature tensor Rm of M (or of HmC ) is just
−IC. Both I and IC are parallel tensors, and in fat they form a basis of the spae of parallel
tensors of urvature type on M . I and IC will also denote the orresponding (4,0)-tensors.
We will apply the Bohner-type formula (♦) to the parallel tensor of urvature type Q =
IC − I.
Lemma 2.4. Let f : Hm
C
−→ Hn
C
be a harmoni map and let Q = IC − I.
Then 〈
◦
Q ∇df,∇df〉 = −32‖(∇df)(1,1)‖2, where (∇df)(1,1) is the J-invariant part of ∇df : for
all X,Y ∈ THm
C
, (∇df)(1,1)(X,Y ) := 12 [∇df(X,Y ) +∇df(JX, JY )].
Proof. A straightforward omputation shows that for h a symmetri 2-tensor taking values in
f⋆THn
C
,
◦
I h = h − gm trgmh and
◦
IC h(X,Y ) =
1
4 [h(X,Y ) − 3h(JX, JY ) − gm(X,Y ) trgmh].
Therefore, sine trgm∇df = 0,
◦
Q ∇df = −32(∇df)(1,1). The deomposition of a 2-tensor in
J-invariant and J-skew-invariant parts is orthogonal, hene the result. 
Lemma 2.5. IC is the orthogonal projetion of I onto the spae of Kähler urvature type ten-
sors, namely, the spae of tensors of urvature type T suh that T (X,Y )JZ = J(T (X,Y )Z),
for all X,Y,Z ∈ THm
C
.
Proof. Sine IC is learly of Kähler urvature type, it remains to show that IC−I is orthogonal
to all tensors of Kähler urvature type. Simple omputations shows that if T is any tensor of
urvature type, 〈I, T 〉 = 2Scal(T ), whereas
〈IC, T 〉 = 1
2
Scal(T )− 1
2
2m∑
k,l=1
(
T (ek, Jel, Jek, el) + T (ek, Jek, Jel, el)
)
,
for {ek} an orthonormal basis of TM . It is then easy to hek that if T is moreover of Kähler
type, this last formula redues to 〈IC, T 〉 = 2Scal(T ), hene the result. 
Let us reall what the omplexied setional urvature of a Hermitian manifold (N, g, J) is:
if E and F are two vetors of the omplexied tangent spae TCN = TN ⊗R C of N then
the omplexied setional urvature of the 2-plane they span is dened to be RN (E,F,E, F )
where RN is the urvature tensor of g extended by C-linearity to TCN . Despite its name, the
omplexied setional urvature takes real values.
If T is a tensor of urvature type, we dene its omplexied salar urvature ScalC(T ) as
follows: ScalC(T ) :=
∑m
k,l=1 T (ζk, ζl, ζk, ζl), for {ζk} an orthonormal basis of the (1, 0)-part of
TCHm
C
.
Using the formulae given in the proof of the previous lemma, one gets
Lemma 2.6. 〈IC − I, T 〉 = −6 ScalC(T ).
We are now ready to prove Theorem 2.1. Reall that Q = IC− I. First, Lemma 2.5 implies
that the right-hand side in the Bohner-type formula (♦) vanishes. Next, it follows from
Lemma 2.4 and Lemma 2.6 that∫
M
ηR
[
〈
◦
Q ∇df,∇df〉 − 1
2
〈Q, f⋆Rn〉
]
dVm = −3
2
∫
M
ηR
[
‖(∇df)(1,1)‖2 − 2 ScalC(f⋆Rn)
]
dVm
for any R > 1. Thus, formula (♦) reads:
lim
R→∞
∫
M
ηR
[
‖(∇df)(1,1)‖2 − 2 ScalC(f⋆Rn)
]
dVm = 0 .
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It is known that, sine the setional urvature of (Hn
C
, gn) is pinhed between −1 and
−14 , its omplexied setional urvature is non-positive (see for example [Her91℄). Therefore,
ScalC(f
⋆Rn) being a mean of omplexied setional urvatures of Hn
C
, it is non-positive. Thus
R 7−→ ∫M ηR [‖(∇df)(1,1)‖2 − 2 ScalC(f⋆Rn)] dVm is a non-negative non-dereasing funtion
whose limit as R goes to innity is zero. It follows at one that (∇df)(1,1) vanishes identially,
that is, f is pluriharmoni. Finally, we also have ScalC(f
⋆Rn) = 0 everywhere and this implies
that Rn(f⋆ζk, f⋆ζl, f⋆ζk, f⋆ζl) = 0 for all k, l = 1, . . . , n. Theorem 2.1 is proved.
2.2. Holomorphiity of high rank harmoni maps.
Let f : Hm
C
−→ Hn
C
be a nite energy harmoni map, equivariant w.r.t a representation of
a torsion-free lattie Γ < PU(m, 1) into PU(n, 1). In this setion, we exploit the full strength
of Theorem 2.1 to prove a result that was rst obtained by J. A. Carlson and D. Toledo
in [CT89℄ in the ase Γ is oompat and ρ(Γ) is disrete in PU(n, 1) or in a more general
target Lie group G. Their proof relies on a areful study of maximal abelian subalgebras of
the omplexiation of the Lie algebra of G. In our setting, the simple form of the urvature
tensor of (Hn
C
, gn) allows a more elementary proof that we give for ompleteness.
Proposition 2.7. Let f : Hm
C
−→ Hn
C
be a nite energy harmoni map equivariant w.r.t. a
representation ρ of the torsion-free lattie Γ < PU(m, 1) in PU(n, 1). If the real rank of f is
at least 3 at some point, then f is holomorphi or anti-holomorphi.
Before proving this proposition, we introdue some notations that will be needed in the
proof and later on in the paper.
For l = m,n, let TCHl
C
= THl
C
⊗RC be the omplexiation of THlC and TCHlC = T 1,0HlC⊕
T 0,1Hl
C
be its deomposition in (1,0) and (0,1) part. We extend the dierential of f by C-
linearity and still write df : TCHm
C
−→ TCHn
C
(if the distintion is neessary we will use dCf ).
Its omponents are
∂1,0f : TCHmC −→ T 1,0HnC ,
∂0,1f : TCHmC −→ T 0,1HnC .
We extend gn by C-linearity to T
C
H
n
C
. We will sometimes write (X,Y ) = gn(X,Y ) and
|X|2 = (X,X) for X,Y ∈ TCHn
C
.
If (ei)1≤i≤2m = (eα, Jeα)1≤α≤m is an orthonormal R-basis of THmC , we set zα =
1
2(eα−iJeα).
(zα)1≤α≤m is an orthogonal C-basis of T 1,0HmC .
To lighten the notations, we will sometimes use fα instead of ∂
1,0f(zα) and fβ instead of
∂1,0f(z¯β), so that ∂
0,1f(z¯α) = f¯α and ∂
0,1f(zβ) = f¯β.
In the sequel, we will often restrit ∂1,0f , resp. ∂0,1f , to T 1,0Hm
C
and onsider them as
setions of Hom(T 1,0Hm
C
, f⋆T 1,0Hn
C
), resp. Hom(T 1,0Hm
C
, f⋆T 0,1Hn
C
). We will all e′(f), resp.
e′′(f), the square of the norm of ∂1,0f , resp. ∂0,1f , namely:
e′(f) := ‖∂1,0f‖2 = 2
m∑
α=1
gn(∂
1,0f(zα), ∂1,0f(zα)) = 2
m∑
α=1
|fα|2 ,
e′′(f) := ‖∂0,1f‖2 = 2
m∑
α=1
gn(∂
0,1f(zα), ∂0,1f(zα)) = 2
m∑
α=1
|fα|2 .
Note that with these denitions, the energy density of f is given by e(f) := 12‖df‖2 =
e′(f) + e′′(f). Again, we will often abreviate e′(f) and e′′(f) to e′ and e′′ when no onfusion
is possible.
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Proof of Proposition 2.7. Theorem 2.1 shows that f⋆Rn(zα, zβ , z¯α, z¯β) = 0 for all α, β ∈
{1, . . . ,m}. Let us see what this implies in more details.
f⋆Rn(zα, zβ , z¯α, z¯β) = R
n(fα + f¯α, fβ + f¯β, f¯α + fα, f¯β + fβ)
= −12
[
|fα|2|fβ|2 + |fα|2|fβ|2 − (fα, f¯β)(fα, f¯β)
−(fβ, f¯α)(fβ, f¯α)− (fα, f¯β)(fα, f¯β)− (fβ, f¯α)(fβ, f¯α)
+(fβ, f¯α)(fα, f¯β) + (fα, f¯β)(fβ , f¯α)
]
= −12
(‖fα ∧ f¯β − fβ ∧ f¯α‖2 + |(fα, f¯β)− (fβ, f¯α)|2)
Therefore, for all α and β, we have fα ∧ f¯β = fβ ∧ f¯α.
Suppose that the families (fα)1≤α≤m and (fβ)1≤β≤m are both of rank less than or equal to
1. We may assume that for all α there exits λα suh that fα = λαf1 and that for some k and
for all β there exists µβ suh that fβ = µβfk.
If f1 = 0, then for all α, d
Cf(zα) = f¯α and d
Cf(z¯α) = fα. Therefore the omplex rank of
dCf is at most 2, namely the real rank of df is at most 2. The same is true if fk = 0.
If both f1 and fk are non zero, then from the fat that f1 ∧ f¯α = fα ∧ f¯1 we dedue that
µαf1 ∧ f¯k = λαµ1f1 ∧ f¯k, that is, µα = λαµ1. Then,
dCf(zα) = fα + f¯α = λαf1 + µαf¯k = λαf1 + λαµ1f¯k = λα(f1 + f¯1) = λα d
Cf(z1) .
Hene the family (dCf(zα))1≤α≤m has rank≤ 1. This also holds for the family (dCf(z¯β))1≤β≤m
and we onlude that the real rank of f is again less than or equal to 2.
In any ase, we see that if the real rank of f is at least 3 at some point, then the rank of
one of the families (fα)1≤α≤m and (fβ)1≤β≤m is at least 2 at this point.
Suppose now that at some point of H
m
C
, the rank of the family (fα)1≤α≤m is at least 2, for
example f1 ∧ f2 6= 0. Then f1 ∧ f¯2 = f2 ∧ f¯1 implies f1 = f2 = 0. From f1 ∧ f¯γ = fγ ∧ f¯1, we
onlude that fγ = 0 for all 1 ≤ γ ≤ m, i.e. e′′ = 0 at this point.
In the same way, if the rank of the family (fβ)1≤β≤m is at least 2, then e
′ = 0.
Finally, sine f is pluriharmoni and the omplexied setional urvature of Hn
C
is zero
on df(T 1,0Hm
C
) (see Theorem 2.1 above), and beause Hn
C
is a Kähler symmetri spae,
it is known that ∂1,0f , resp. ∂0,1f , are holomorphi setions of the holomorphi bundles
Hom(T 1,0Hm
C
, f⋆T 1,0Hn
C
), resp. Hom(T 1,0Hm
C
, f⋆T 0,1Hn
C
) ([CT89℄, Theorem 2.3). So they have
a generi rank on H
m
C
. Therefore, if for example the family (fα)1≤α≤m has rank at least 2 at
some point, it has rank at least 2 on a dense open subset of H
m
C
and so e′′ = 0 on a dense open
subset of H
m
C
, hene everywhere, and f is holomorphi. Similarly, if rk(fβ, 1 ≤ β ≤ m) ≥ 2 at
some point, f is antiholomorphi. 
2.3. Some tehnial lemmas.
If f : Hm
C
−→ Hn
C
is a ρ-equivariant pluriharmoni map whose rank is at most 2 everywhere,
f needs not be holomorphi nor antiholomorphi. Nevertheless, pluriharmoniity has other
onsequenes that will be useful later. Namely, if e′(f) and e′′(f) are the previously dened
squared norms of ∂1,0f and ∂0,1f , we have
〈f⋆ωn, ωm〉 :=
2m∑
i,j=1
f⋆ωn(ei, ej)ωm(ei, ej) = 2(e
′(f)− e′′(f)) ,
as it is easy to hek. Beause of this, some results on the energies e′(f) and e′′(f) will be
needed in the proof of Theorem 3.1 and we shall prove them in this setion.
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The results stated here were obtained in omplex dimension 1 in [To79℄ and [Wo79℄. The
proofs in the general ase (see also [Li70℄) go almost exatly as in the ase m = 1 and they
are given only for ompleteness and to x the notations.
We will work on the omplexiations of the tangent spaes of H
m
C
and H
n
C
and therefore
we extend all needed setions, tensors and operators dened on the real tangent spaes by
C-linearity to these omplexiations.
Sine ∂1,0f an be onsidered as a setion of Hom(TCHm
C
, f⋆TCHn
C
), we an dene its
ovariant derivative ∇∂1,0f ∈ Hom(TCHm
C
⊗ TCHm
C
, f⋆TCHn
C
). It follows easily from the fat
that (Hn
C
, gn) is Kähler that ∇∂1,0f belongs in fat to Hom(TCHmC ⊗ TCHmC , f⋆T 1,0HnC). We
will all ∇′∂1,0f ∈ Hom(T 1,0Hm
C
⊗ T 1,0Hm
C
, f⋆T 1,0Hn
C
) its restrition to T 1,0Hm
C
⊗ T 1,0Hm
C
.
We dene ∇′∂0,1f ∈ Hom(T 1,0Hm
C
⊗ T 1,0Hm
C
, f⋆T 0,1Hn
C
) and ∇′df = ∇′∂1,0f + ∇′∂0,1f ∈
Hom(T 1,0Hm
C
⊗ T 1,0Hm
C
, f⋆TCHn
C
) similarly. Note that ‖∇′df‖, ‖∇′∂1,0f‖ and ‖∇′∂0,1f‖
belong to L2(M) beause ‖∇df‖ does (Lemma 2.3).
In the entire setion, f denotes a ρ-equivariant pluriharmoni map Hm
C
−→ Hn
C
.
Lemma 2.8. We have
1
4
∆e′ = −1
2
‖∇′∂1,0f‖2 − 2R′ + m+ 1
4
e′ and
1
4
∆e′′ = −1
2
‖∇′∂0,1f‖2 − 2R′′ + m+ 1
4
e′′
where
R′ =
∑
α,β R
n(df(zα),df(z¯α), ∂
1,0f(zβ), ∂1,0f(zβ)) ,
R′′ =
∑
α,β R
n(df(zα),df(z¯α), ∂
0,1f(zβ), ∂0,1f(zβ)) .
Proof. We make the omputation for ∆e′, and we use normal oordinates:
1
4
∆e′ = −
∑
α
∇de′(z¯α, zα) == −
∑
α
z¯α.zα.e
′ .
Now, zα.〈∂1,0f, ∂1,0f〉 = 〈∇zα∂1,0f, ∂1,0f〉 + 〈∂0,1f,∇zα∂1,0f〉. The map f is pluriharmoni
and therefore ∇df(Z, W¯ ) = ∇df(Z¯,W ) = 0 for all Z,W in T 1,0Hm
C
. Sine H
m
C
is Kähler,
∇z¯α∂1,0f =
(∇z¯αdf)1,0 and hene vanishes identially on T 1,0HmC . It follows that ∇zα∂1,0f =
∇z¯α∂1,0f = 0. Thus,
1
4
∆e′ = −
∑
α
z¯α.〈∇zα∂1,0f, ∂1,0f〉
= −
∑
α
[
〈∇z¯α∇zα∂1,0f, ∂1,0f〉+ 〈∇zα∂1,0f,∇zα∂1,0f〉
]
= −1
2
‖∇′∂1,0f‖2 −
∑
α
〈∇z¯α∇zα∂1,0f, ∂1,0f〉 .
Therefore, sine (∇z¯α∇zα∂1,0f)(zβ) = (∇z¯α∇zα∂1,0f)(zβ)− (∇zα∇z¯α∂1,0f)(zβ), we have∑
α
(∇z¯α∇zα∂1,0f)(zβ) =
∑
a
Rn(df(zα),df(z¯α))∂
1,0f(zβ)−
∑
a
∂1,0f(Rm(zα, z¯α)zβ)
=
∑
a
Rn(df(zα),df(z¯α))∂
1,0f(zβ) +
1
2
∂1,0f(Ricm(zβ)) .
The result follows sine the Rii urvature tensor of gm is −m+12 gm. 
We also have
Lemma 2.9. At eah point of H
m
C
where e′ 6= 0, resp. e′′ 6= 0,
1
4
∆ log e′ = −α′ − 2 R
′
e′
+
m+ 1
4
, resp.
1
4
∆ log e′′ = −α′′ − 2 R
′′
e′′
+
m+ 1
4
,
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where
α′ =
1
2e′2
(
‖∇′∂1,0f‖2e′ − ‖〈∇′∂1,0f, ∂1,0f〉‖2
)
and
α′′ =
1
2e′′2
(
‖∇′∂0,1f‖2e′′ − ‖〈∇′∂0,1f, ∂0,1f〉‖2
)
are both nonnegative by Cauhy-Shwarz's inequality.
Proof. Again, we make this (easy) omputation only for
1
4∆ log e
′ = 14e′∆e
′+ 1
4e′2 ‖de′‖2. Now,
1
4
‖de′‖2 =
∑
α
de′(zα)de′(z¯α) =
∑
α
〈∇zα∂1,0f, ∂1,0f〉〈∂1,0f,∇z¯α∂1,0f〉 =
1
2
‖〈∇′∂1,0f, ∂1,0f〉‖2
where 〈∇′∂1,0f, ∂1,0f〉 denotes the 1-form on T 1,0Hm
C
given by 〈∇′∂1,0f, ∂1,0f〉(z) =
〈∇z∂1,0f, ∂1,0f〉 = 2
∑
β gn
(
(∇z∂1,0f)(zβ), ∂1,0f(zβ)
)
. 
Finally, easy omputations show that:
Lemma 2.10.
R′ =
1
2
∑
α,β
[∣∣gn(∂1,0f(zα), ∂1,0f(zβ))∣∣2 − ∣∣gn(∂1,0f(zβ), ∂1,0f(z¯α))∣∣2]+ 1
8
e′(e′ − e′′) ,
R′′ =
1
2
∑
α,β
[∣∣gn(∂1,0f(z¯α), ∂1,0f(z¯β))∣∣2 − ∣∣gn(∂1,0f(zα), ∂1,0f(z¯β))∣∣2]+ 1
8
e′′(e′′ − e′) .
Remark. In the sequel, we shall use the fat that all the funtions involved in those three
lemmas are well dened on M = Γ\Hm
C
.
3. Rigidity of representations of latties of PU(m, 1) into PU(n, 1)
3.1. Burger-Iozzi invariant.
We again assume that m ≥ 2.
Let Γ be a torsion-free lattie in PU(m, 1), and let ρ : Γ −→ PU(n, 1) be a homomorphism.
M. Burger and A. Iozzi assign to ρ an invariant whih an be dened as follows (see [BI01℄).
Take any ρ-equivariant map f : Hm
C
−→ Hn
C
and onsider the pull-bak f⋆ωn of the Kähler
form ωn of H
n
C
. Note that we an onsider f⋆ωn as a 2-form on M = Γ\HmC . The de Rham
ohomology lass [f⋆ωn] ∈ H2DR(M) dened by f⋆ωn is independent of the hoie of the
equivariant map f sine all suh maps are homotopi, and therefore we all it [ρ⋆ωn].
Now, Burger and Iozzi remark that the lass [ρ⋆ωn] is in the image of the natural ompar-
ison map from the L2-ohomology group H2(2)(M) of M to the de Rham ohomology group
H2DR(M). Sine m ≥ 2, the omparison map is injetive (see [Zu82℄; the arithmetiity of
the lattie Γ is not neessary for the result in the present ase), this yields a well-dened
L2-ohomology lass, denoted by [ρ⋆ωn](2), and they dene (in a slightly dierent form)
τ(ρ) :=
1
2m
∫
M
〈ρ⋆ωn, ωm〉dVm ,
where ρ⋆ωn is any L
2
-form representing [ρ⋆ωn](2) (observe that, beause ωm is parallel, τ(ρ)
depends only on [ρ⋆ωn](2), hene on ρ).
Remark. In omplex dimension 1 and for a uniform lattie Γ, τ(ρ) is also well-dened and
oinides with the lassial Toledo invariant (f. [To89℄).
The main result of [BI01℄ then reads:
18 VINCENT KOZIARZ AND JULIEN MAUBON
Theorem 3.1. Under the above assumptions,∣∣τ(ρ)∣∣ ≤ Vol(M) .
Moreover, equality holds if and only if there exists a ρ-equivariant totally geodesi isometri
embedding H
m
C
−→ Hn
C
.
Let Γ be a torsion-free lattie in SU(m, 1). Via the natural inlusion of SU(m, 1) into
PU(n, 1) for n > m, we obtain the so-alled standard representation of Γ into PU(n, 1) (whih
is of ourse C-Fuhsian). Theorem 3.1 then implies:
Corollary 3.2. Let Γ be a torsion-free lattie in SU(m, 1), m ≥ 2. Then any deformation of
the standard representation of Γ into PU(n, 1) (n > m) is also C-Fuhsian.
Proof . Sine Γ is torsion-free, it projets isomorphially into PU(m, 1). We an therefore
onsider the standard representation of Γ as a representation of a lattie of PU(m, 1) and apply
Theorem 3.1. Now, when seen as a ohomology lass in H2DR(M), [ρ
⋆ωn] is a harateristi
lass of the prinipal PU(n, 1)-bundle overM assoiated to ρ and so, it is onstant on onneted
omponents of Hom(Γ,PU(n, 1)). On the other hand,
∣∣τ(ρ)∣∣ = Vol(M) holds when ρ is the
standard representation of Γ into PU(n, 1), hene the result. 
The main tool in [To89℄ and [BI01℄ is bounded ohomology. Corlette in [Co88℄ was the rst
to obtain Corollary 3.2 for m ≥ 2 and Γ oompat. He worked with an invariant similar to
τ(ρ), the volume of ρ (see the introdution and the remark at the end of Setion 3.2), and he
used harmoni maps tehniques to obtain a result equivalent to Theorem 3.1.
We will now show that Theorem 3.1 is a onsequene of our results on harmoni maps.
3.2. Proof of Theorem 3.1.
We will rst prove that the invariant is well-dened, that is, that the de Rham ohomology
lass [ρ⋆ωn] an be represented by an L
2
-form. We will atually show that there exists a
ompatly supported form in the lass [ρ⋆ωn]. This will be done by hoosing for eah usp C
of M a Kähler potential for ωn invariant by the image of the fundamental group of C.
Let f be a ρ-equivariant map from Hm
C
to H
n
C
. Let C be a usp of M and γ0 a generator
of the enter of ΓC . Depending on the type of ρ(γ0), the whole image ρ(ΓC) of ΓC will x a
point, either in H
n
C
or on the boundary at innity of H
n
C
.
If ρ(γ0) is paraboli, we an assume that its xed point is∞ in the Siegel model of omplex
hyperboli spae. We then have ωn = −ddct′ where t′ = log(2Re(w′)− 〈〈z′, z′〉〉) (see setion
1). As an be easily heked, the 1-form ς := −dct′ is invariant by the stabilizer in PU(n, 1)
of the xed point. Hene f⋆ς an be seen as a 1-form in the usp C and we have, on C, that
f⋆ωn = df
⋆ς.
If ρ(γ0) is ellipti, then ρ(ΓC) xes a point in H
n
C
. We an assume that the xed point is
0 in the ball model of omplex hyperboli spae, so that ρ(ΓC) ⊂ U(m). In this ase, we an
write ωn = dς with ς := −dc log(1− 〈〈z, z〉〉) where in this ase z is a point in the unit ball of
C
n
and 〈〈 , 〉〉 denotes the standard Hermitian produt on Cn. Again, this 1-form is invariant
by U(m) and therefore we have f⋆ωn = df
⋆ς on C.
Repeating this operation in eah usp Ci of M , we obtain that there exists a 1-form ςi on
Ci suh that f
⋆ωn = df
⋆ςi on Ci. Therefore, if χ is a funtion on M identially equal to 0 on
the ompat part of M and to 1 far enough in the usps of M , the form f⋆ωn − d(
∑
i χf
⋆ςi)
is ohomologous to f⋆ωn and has ompat support, hene is L
2
.
We are now ready to prove the theorem. We begin with the:
Lemma 3.3. Suppose the representation ρ is not redutive. Then τ(ρ) = 0.
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Proof. Let f be any ρ-equivariant map from Hm
C
to H
n
C
. Sine the image ρ(Γ) xes a point at
innity in H
n
C
, ρ(Γ) is a subgroup of the stabilizer of this xed point in PU(n, 1) and therefore,
the form f⋆ς on Hm
C
dened above goes down to a form dened on the whole quotient M suh
that f⋆ωn = df
⋆ς. Hene the de Rham ohomology lass of f⋆ωn is zero and the invariant
τ(ρ) vanishes. 
We may now assume that ρ is redutive. Theorems 1.1 and 1.2 then guarantee the existene
of a nite energy ρ-equivariant harmoni map f : Hm
C
−→ Hn
C
.
We rst prove that we an use f to ompute τ(ρ). This follows from the
Lemma 3.4. The 2-form f⋆ωn is L
2
.
Proof. If f is (anti)holomorphi, it follows from the generalization of the Shwarz-Pik lemma
(see [Ko70℄) that in an obvious sense, f⋆gn ≤ gm. An easy omputation then shows that
‖f⋆ωn‖ ≤ 2m everywhere on M : f⋆ωn is a L2-form.
Assume now that f is not (anti)holomorphi. Then Proposition 2.7 implies that rkRf ≤ 2.
When rkR f ≤ 1, f⋆ωn = 0, whereas rkR dxf = 2 (or rkC dCxf = 2) is equivalent to
dimC d
C
xf(T
1,0
H
m
C ) = 1 and d
C
xf(T
1,0
H
m
C ) ∩ dCxf(T 1,0HmC ) = {0} .
But, if dCxf(T
1,0
H
m
C
) ontains no real vetors, it ontains no purely imaginary vetors, thus
dxf(X) = 0 if and only if d
C
xf(X − iJX) = 0. This means that Ker dxf is J-invariant,
hene, we may hoose an orthonormal basis (ei)1≤i≤2m = (ei, Jei)1≤i≤m of TxHmC in whih
omputations give
〈f⋆ωn, f⋆ωn〉 =
2m∑
i,j=1
f⋆ωn(ei, ej)
2 = 2f⋆ωn(e1, Je1)
2 = 2(e′ − e′′)2 .
Thus, if rkRf = 2, we have ‖f⋆ωn‖2 = 2(e′ − e′′)2 on HmC . Using the fat that rkRf = 2
in the formulae of Lemma 2.10, we nd that R′ ≥ 14e′(e′ − e′′) and R′′ ≥ 14e′′(e′′ − e′) so that
(e′ − e′′)2 ≤ 4(R′ +R′′). Now, adding the two equalities in Lemma 2.8, we get
2(e′ − e′′)2 ≤ 8(R′ +R′′) = −∆e− 2‖∇′dCf‖2 + (m+ 1) e .
Sine f has nite energy, we onlude that f⋆ωn is L
2
(see the proof of Lemma 2.3 and the
beginning of setion 2.3). 
We now prove the inequality |τ(ρ)| ≤ Vol(M).
The above lemma implies that the Burger-Iozzi invariant of ρ is given by
τ(ρ) =
1
2m
∫
M
〈f⋆ωn, ωm〉dVm = 1
m
∫
M
(e′ − e′′)dVm ,
sine 〈f⋆ωn, ωm〉 = 2(e′ − e′′).
Therefore, if f is a omplex rank r holomorphi map, the Shwarz-Pik lemma implies that
0 ≤ 〈f⋆ωn, ωm〉 ≤ 2r at eah point of M , whereas if f is a rank r antiholomorphi map, then
−2r ≤ 〈f⋆ωn, ωm〉 ≤ 0. Integrating these inequalities yields the result.
If f is neither holomophi nor antiholomorphi, then we know from Proposition 2.7 that
rkRf ≤ 2. We will prove that in this ase,∣∣∣ ∫
M
〈f⋆ωn, ωm〉dVm
∣∣∣ ≤ (m+ 1)Vol(M) .
As in the proof of Lemma 3.4, we have R′ ≥ 14e′(e′− e′′) and R′′ ≥ 14e′′(e′′− e′). Lemma 2.9
then implies that
∆ log e′ ≤ 2(e′′ − e′) +m+ 1 ,
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resp.
∆ log e′′ ≤ 2(e′ − e′′) +m+ 1 ,
at eah point where e′ 6= 0, resp. e′′ 6= 0.
Let ε > 0 be a regular value of e′. We set Mε = {x ∈M, e′(x) > ε}, and we introdue the
ut-o funtion ηR dened in the proof of Proposition 2.2.
By Green's formula we have∫
Mε
[
ηR∆ log e
′ − 〈grad ηR, grad log e′〉
]
dVm =
∫
∂Mε
ηR〈ν, grad log e′〉 dA ≥ 0 .
The latter is nonnegative beause ν is the inward unit vetor eld along ∂Mε whih is pointwise
orthogonal to ∂Mε. From
|〈grad ηR, grad log e′〉| ≤
√
2‖dηR‖‖∇
′∂1,0f‖√
e′
≤
√
2‖dηR‖‖∇
′∂1,0f‖√
ε
on Mε ,
we get∫
Mε
ηR∆ log e
′ dVm ≥ −
√
2
ε
C
R
∫
M
‖∇′∂1,0f‖dVm ≥ −
√
2
ε
C
R
[
Vol(M)
∫
M
‖∇′∂1,0f‖2dVm
]1/2
.
Using the fat that ‖∇′∂1,0f‖ ∈ L2(M), we obtain that, for some onstant C ′ and for all
R > 1, ∫
Mε
ηR∆ log e
′ dVm ≥ −
√
2
ε
C ′
R
and so ∫
Mε
(
2(e′′ − e′) +m+ 1
)
dVm = lim
R→+∞
∫
Mε
ηR
(
2(e′′ − e′) +m+ 1
)
dVm ≥ 0 .
The subset {x ∈ M, e′(x) = 0} has zero measure sine ∂1,0f is a holomorphi setion of
Hom(T 1,0Hm
C
, f⋆T 1,0Hn
C
). Hene, letting ε→ 0, we onlude that∫
M
〈f⋆ωn, ωm〉dVm =
∫
M
2(e′ − e′′)dVm ≤ (m+ 1)Vol(M) .
Integrating ∆ log e′′ in the same way, we get the required inequality.
Assume now that equality holds in the theorem: | ∫M 〈f⋆ωn, ωm〉dVm| = 2mVol(M).
Sine m ≥ 2, it follows from the proof above that f is a omplex rank m holomorphi or
antiholomorphi map. Sine the inequality |〈f⋆ωn, ωm〉| ≤ 2m is therefore true pointwise, the
global equality implies that |〈f⋆ωn, ωm〉| = 2m everywhere on M : f is an isometry. On the
other hand, the Bohner-type formula (♦) with Q = I reads:∫
M
‖∇df‖2dVm = 1
2
∫
M
(
Scal(f⋆Rn)− 1
2m
‖df‖2Scal(Rm)
)
dVm .
Sine f is an isometry, ‖df‖2 = 2m and f⋆Rn = Rm. Therefore ∇df = 0, namely, f is totally
geodesi and we are done.
Remark. It should be noted that if one is interested only in proving Corollary 3.2, it is atually
possible to dene another invariant, that one ould all the L2-volume of the representation,
in the following way: just take the m-th exterior power of any L2-form representing the L2-
ohomology lass [ρ⋆ωn](2) and integrate it over M . The so-obtained number is independent
of the hoie of the L2-representative and therefore depends only on ρ. One an then prove
Theorem 3.1 with τ(ρ) replaed by this (suitably normalized) L2-volume. The proof is in fat
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easier sine this invariant will be zero if the real rank of the harmoni map is less than 2m.
Therefore one does not need to deal with non (anti)holomorphi maps.
Nevertheless, there exist representations ρ with zero L2-volume but τ(ρ) 6= 0 and one an
hope to be able to get informations on these representations from the Burger-Iozzi invariant
that the volume would not give. An example of suh a representation was given by Livné in
his thesis ([Liv81℄, see also [Ka98℄). He onstruted a (losed) omplex hyperboli manifold
M of omplex dimension 2 and a surjetive holomorphi map f fromM to a (losed) Riemann
surfae Σ suh that the indued map on the fundamental groups is surjetive. This gives a
representation of the lattie pi1(M) ⊂ PU(2, 1) into PU(1, 1). Of ourse the volume of this
representation is zero. But its Burger-Iozzi invariant does not vanish sine the pull-bak f⋆ω1
is a semi-positive (1, 1)-form on M whih is not identially zero.
4. The ase of non-uniform latties of PU(1, 1)
In this setion we want to extend the previous results to the 1-dimensional ase, namely
the ase of non-uniform latties of PU(1, 1). We remark that if ρ is a representation of suh
a lattie into PU(n, 1), the Burger-Iozzi invariant of ρ is not dened sine H2DR(M) = 0
and the omparison map H2(2)(M) −→ H2DR(M) is of ourse not injetive anymore. As we
mentionned in the introdution, Corollary 3.2 fails in this ase. Indeed, Gusevskii and Parker
prove in [GP00℄ that there exist latties in PU(1, 1) admitting quasi-Fuhsian deformations
into PU(2, 1).
Geometrially, a torsion-free lattie Γ < PU(1, 1) is the fundamental group of the omplete
hyperboli surfae of nite volume M = Γ\H1
C
. It turns out that we don't need a Riemannian
struture on M to dene an invariant assoiated to representations of its fundamental group
into PU(1, 1). We will therefore work in the more general setting of fundamental groups of
orientable surfaes of nite topologial type.
Let M be the open surfae obtained by removing a nite number of points m1, . . . ,mp,
alled puntures, from a losed orientable surfae M of genus g. We will all suh an M a p-
times puntured losed orientable surfae of genus g. We assume that the Euler harateristi
χ(M) = 2 − 2g − p of M is negative. Let Γ = pi1(M) be the fundamental group of M and
pi : M˜ −→M be the universal over of M .
Loops going one around the punture mi in the diretion presribed by the orientation of
M orrespond to a onjugay lass ci of elements of Γ. The elements of the onjugay lasses
ci are alled peripheral. For eah i, hoose γi ∈ ci and denote by 〈γi〉 the yli subgroup
generated by γi. There exist small disjoint open topologial diss Di ⊂ M around eah mi
and disjoint open simply-onneted sets Ui in M˜ , preisely invariant under 〈γi〉 (meaning that
γiUi = Ui and γUi ∩ Ui = ∅ if γ /∈ 〈γi〉), suh that the puntured diss D⋆i := Di\{mi} ⊂ M
are given by D⋆i = 〈γi〉\Ui (This an for example be seen by uniformizing M as a nite volume
hyperboli surfae, and then hoosing preisely invariant horospherial neighbourhoods of the
paraboli xed points of Γ).
Let ρ be a homomorphism from Γ to PU(n, 1). At the beginning of setion 3.2 (there, Γ
was a lattie in PU(m, 1) for m ≥ 2), we saw how to nd a ompatly supported 2-form in
the de Rham ohomology lass [ρ⋆ωn]. Here, as we said, this lass is zero but we shall in the
same way assoiate to ρ a lass in the ohomology with ompat support.
For eah i, hoose a xed point ξi of ρ(γi), in H
n
C
if ρ(γi) is ellipti, else in ∂∞HnC, and
then a Kähler potential ψi of ωn, invariant by the stabilizer in PU(n, 1) of ξi if ξi ∈ HnC or
by the stabilizer of the horospheres entered at ξi if ξi ∈ ∂∞HnC. If ξi ∈ HnC, we an assume
that ξi = 0 in the ball model of H
n
C
and take ψi = log(1 − 〈〈z, z〉〉) (here 〈〈 , 〉〉 denotes the
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standard Hermitian form on C
n
). If ξi ∈ ∂∞HnC, we an take ψi = log(2Re(w′) − 〈〈z′, z′〉〉),
where (w′, z′) ∈ C × Cn−1 are horospherial oordinates entered at ξi. Note that, up to an
additive onstant, these potentials are unique. The potential ψi is invariant by ρ(γi) only if
ρ(γi) is ellipti or paraboli but the 1-form ςi := −dcψi, whih satises dςi = ωn, is always
invariant by ρ(γi).
Given a ρ-equivariant map f : M˜ −→ Hn
C
, we an pull-bak the Kähler form ωn and the
forms ςi to get a 2-form f
⋆ωn invariant by Γ and 1-forms f
⋆ςi invariant by 〈γi〉. We an
therefore onsider f⋆ωn as a 2-form on M and eah f
⋆ςi as a 1-form on the puntured dis
D⋆i (by restriting it rst to Ui). If now χ is a funtion identially equal to 0 outside the
D⋆i 's and to 1 in small neighbourhoods of the puntures, we get a ompatly supported 2-form
f⋆ωn−d(
∑
i χf
⋆ςi) onM . This yields a lass [f
⋆ωn−d(
∑
i χf
⋆ςi)]c in the seond ohomology
group with ompat support H2c (M).
Proposition-denition 4.1. The lass [f⋆ωn − d(
∑
i χf
⋆ςi)]c depends only on the represen-
tation ρ, and will therefore be denoted by [ρ⋆ωn]c. Moreover, we set
τ(ρ) =
∫
M
[ρ⋆ωn]c .
Proof . This lass is learly independent of the ut-o funtion χ, and therefore also of the
hoie of the puntured diss D⋆i where the f
⋆ςi's are dened.
Now, let f1 and f2 be two ρ-equivariant maps M˜ −→ HnC. The map f2 is homotopi to a
ρ-equivariant map f3 suh that, when seen as setions of the H
n
C
-bundle on M assoiated to
ρ, f3 = f1 on the set {χ < 1} and f3 = f2 lose enough to the puntures. Then there exists a
ompatly supported 1-form α suh that f⋆2ωn = f
⋆
3ωn + dα. Hene we have
f⋆2ωn − d
(∑
i
χf⋆2 ςi
)
= f⋆3ωn − d
(∑
i
χf⋆3 ςi
)
+ d
(∑
i
χ(f⋆3 ςi − f⋆2 ςi)
)
+ dα .
But
f⋆3ωn − d
(∑
i
χf⋆3 ςi
)
=
{
f⋆1ωn − d(
∑
i χf
⋆
1 ςi) on {χ < 1}
0 on {χ = 1} = f
⋆
1ωn − d
(∑
i
χf⋆1 ςi
)
on M .
Therefore
f⋆2ωn − d
(∑
i
χf⋆2 ςi
)
= f⋆1ωn − d
(∑
i
χf⋆1 ςi
)
+ d
[∑
i
χ(f⋆3 ςi − f⋆2 ςi) + α
]
.
From the denition of f3, the 1-form inside the brakets is ompatly supported. Hene
[f⋆ωn − d(
∑
i χf
⋆ςi)]c does not depend on the ρ-equivariant map f .
If ρ(γj) is ellipti for some j, it might x more than one point in H
n
C
. We therefore have to
hek that hoosing another xed point, say ξ′j , to dene the Kähler potential does not hange
the lass. Let ψ′j be the Kähler potential assoiated to ξ
′
j and ς
′
j = −dcψ′j the orresponding
1-form. To ompute our lass, we an hoose the ρ-equivariant map f : M˜ −→ Hn
C
to be
onstant equal to ξj in Uj so that f
⋆ςj = f
⋆ς ′j = 0 on D
⋆
j . Therefore
f⋆ωn − d
(∑
i
χf⋆ςi
)
= f⋆ωn − d
(∑
i 6=j
χf⋆ςi
)
,
and the ohomology lass is not aeted.
In the same way, if ρ(γj) is hyperboli for some j, we must show that we an hoose any
of the two xed points ξj and ξ
′
j of ρ(γj) indierently. In this ase, we an arrange that the
equivariant map f maps Uj to the axis of ρ(γj). If we take the potential ψj assoiated to ξj
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(resp. ξ′j) to dene ςj then ςj = −dct = dt ◦ J in horospherial oordinates (z, v, t) hosen so
that ξj = ∞ and ξ′j = 0 (resp. ξ′j = ∞ and ξj = 0). Sine in these oordinates the axis of
ρ(γj) is the set {z = 0, v = 0}, f⋆ςj = 0 on D⋆j . Again,
f⋆ωn − d
(∑
i
χf⋆ςi
)
= f⋆ωn − d
(∑
i 6=j
χf⋆ςi
)
.
Finally, it is easy to hek that a dierent hoie of the peripheral elements γi (and hene
of the Ui's) gives the same ohomology lass. Indeed, let γj and γ
′
j = γγjγ
−1
be two elements
of the onjugay lass ci. We denote with primes the objets assoiated to γ
′
j (for example,
ψ′j is the Kähler potential assoiated to a xed point ξ
′
j of ρ(γ
′
j)). If ρ(γj), and hene ρ(γ
′
j),
is ellipti or hyperboli, we an hoose as above the equivariant map f so that f⋆ςi = 0 on Ui
and f⋆ς ′i = 0 on U
′
i = γUi. Thus we an assume that ρ(γj) and ρ(γ
′
j) are both paraboli. But
then ξ′j = ρ(γ)ξj , ψ
′
j = ψj ◦ ρ(γ−1) and f⋆ς ′j = (γ−1)⋆f⋆ςj on H1C. Therefore the restritions
of f⋆ς ′j to U
′
j = γUj and of f
⋆ςj to Uj indue the same form on D
⋆
j = 〈γj〉\Uj = 〈γ′j〉\U ′j . 
Before stating the main theorem of this setion, we need the following denitions.
Denition 4.2. A homomorphism ρ from the fundamental group Γ of a p-times puntured
losed orientable surfae M into PU(n, 1) is alled tame if it maps no peripheral element of Γ
to a hyperboli isometry of H
n
C
.
It is alled a uniformization representation if it is an isomorphism onto a torsion-free dis-
rete subgroup ρ(Γ) < PU(n, 1) suh thatM and ρ(Γ)\Hn
C
are dieomorphi (then, neessarily,
n = 1).
Theorem 4.3. Let M be a p-times puntured losed orientable surfae of genus g. Assume
that χ(M) = 2− 2g − p < 0. Let Γ be the fundamental group of M and ρ : Γ −→ PU(n, 1) be
a homomorphism. Then |τ(ρ)| ≤ −2piχ(M). Moreover, equality holds if and only if
- the image ρ(Γ) of Γ stabilizes a totally geodesi opy of H1
C
in H
n
C
, and hene ρ an be
seen as a homomorphism from Γ into PU(1, 1), and
- ρ : Γ −→ PU(1, 1) is a uniformization representation.
If moreover ρ is tame and equality holds then ρ(Γ) < PU(1, 1) is a lattie.
Remark. (i) The number τ(ρ), up to sign, depends only on the dieomorphism type of the
surfae M in the following sense. If φ :M ′ −→M is a dieomorphism and if we onsider the
homomorphism ρ′ = ρ ◦ φ⋆ of the fundamental group Γ′ of M ′ into PU(n, 1), then it is easily
heked that τ(ρ′) = ±τ(ρ) depending on whether φ is orientation preserving or reversing.
(ii) In partiular, if ρ : Γ −→ Γ′ < PU(1, 1) is a uniformization representation, so that M is
dieomorphi toM ′ := Γ′\H1
C
, then τ(ρ) = ± ∫M ′ [ω1−d(∑i χςi)]. Let M ′0 be the onvex ore
of M ′. M ′0 is a nite volume omplete hyperboli surfae whose boundary onsists of nitely
many disjoint losed simple geodesis ck (orresponding to the onjugay lasses of peripheral
elements of Γ sent by ρ to hyperboli isometries of H1
C
). We an assume that χ = 0 on the
boundary of M ′0. It is easy to see (f. the proof of Proposition 4.5 below) that the 1-forms ςj
orresponding to puntures of M ′0 are L
1
forms and therefore that∫
M ′
0
[ω1 − d(
∑
j
χςj)] =
∫
M ′
0
ω1 = Vol(M
′
0) = −2piχ(M ′0) = −2piχ(M) .
Moreover, ∫
M ′\M ′
0
[ω1 − d(
∑
k
χςk)] =
∑
k
∫
ck
dςk = 0 ,
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as an be seen from the proof of Proposition 4.1. Hene τ(ρ) = ±2piχ(M) as Theorem 4.3
says.
(iii) Our denition of the invariant τ makes no referene to a Riemannian struture on the
surfae M . This means that we an equip M with any Riemannian metri we want and that
our results will be independent of this partiular hoie. Now, the uniformization theorem
implies that there exist omplete hyperboli metris of nite volume on M . If we hoose suh
a metri g1 on M , we obtain a uniformization representation u : Γ −→ PU(1, 1) and M is
dieomorphi to u(Γ)\H1
C
. The omposition ρ ◦ u−1 is a homomorphism from the torsion-
free lattie u(Γ) of PU(1, 1) to PU(n, 1). These identiations are ompletely transparent
for the invariant τ and we an therefore assume that Γ is a torsion-free lattie in PU(1, 1)
and that M = Γ\H1
C
with its omplete hyperboli metri g1 of nite volume. The puntured
neighbourhoods D⋆i of the puntures mi will then be seen as usps of M and will often be
denoted by Ci.
The metri on M allows to talk about L2-ohomology groups and if we all [ρ⋆ωn](2) the
image in H2(2)(M) of [ρ
⋆ωn]c under the omparison map H
2
c (M) −→ H2(2)(M), we have
τ(ρ) =
1
2
∫
M
〈[ρ⋆ωn](2), ω1〉dV1 ,
where ω1 is the Kähler form of g1.
(iv) If ρ is not redutive, that is, if ρ(Γ) xes a point in ∂∞HnC, then τ(ρ) = 0. Indeed, we
an use this xed point to dene as before a 1-form ς invariant by ρ(Γ). Then f⋆ωn = df
⋆ς
on M . Hene f⋆ωn − d(χf⋆ς) = d((1− χ)f⋆ς), that is [f⋆ωn − d(χf⋆ς)]c = 0 and τ(ρ) = 0.
Hene we assume from now on that all onsidered representations are redutive.
The proof of Theorem 4.3 is easier if one deals only with tame representations. Sine almost
all the ideas are needed in this ase, we present it separately in Setion 4.1 and we explain in
Setion 4.2 how to adapt the arguments to handle the general ase.
4.1. Tame representations.
Note that a representation ρ of a torsion-free lattie Γ of PU(1, 1) into PU(n, 1) is tame if
and only if ρ maps no paraboli elements of Γ to hyperboli elements of PU(n, 1). The name
tame is motivated by the following proposition:
Proposition 4.4. Let Γ < PU(1, 1) be a torsion-free lattie, and let ρ : Γ −→ PU(n, 1) be a
homomorphism. There exists a ρ-equivariant map f : H1
C
−→ Hn
C
of nite energy if and only
if ρ is tame.
Proof . When ρ is tame, we may easily onstrut a ρ-equivariant map with nite energy. In
fat, we use the same method as in Theorem 1.2; sine the fundamental group of eah usp
of M is generated by a single paraboli element, the onstrution is muh simpler. Namely,
it is suient to dene the ρ-equivariant map on eah usp of M . Let C be a usp of M
and let γ be a paraboli element of Γ generating pi1(C) (via the usual identiation). We an
hoose (horospherial) oordinates (v, t) on H1
C
suh that γ(v, t) = (v + a, t) and suh that C
is isometri to the quotient by 〈γ〉 of the subset D := [0, a]× [0,+∞) of H1
C
endowed with the
metri g1 = e
−2tdv2 + dt2.
If f : H1
C
−→ Hn
C
is any ρ-equivariant map, the energy of f in the usp is given by
EC(f) =
1
2
∫ +∞
0
∫ a
0
‖df‖2(v,t)e−tdv dt .
When ρ(γ) is ellipti, we map D to a xed point of ρ(γ) and the energy of f in the usp
is zero. If ρ(γ) is paraboli, let (z′, v′, t′) be adapted horospherial oordinates on Hn
C
. We
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dene
f : [0, a] × [0,+∞) −→ Hn
C
(v, t) 7−→ (ϕ(v), 2t)
where ϕ is a map from [0, a] into a horosphere HS′ ⊂ Hn
C
suh that ϕ(a) = ρ(γ)ϕ(0). Comput-
ing as in the proof of Theorem 1.2 (ase 1: ρ(γ0) is paraboli), we get the following estimation
of the energy of f in the usp:
EC(f) ≤ 1
2
∫ +∞
0
∫ a
0
(4 + ‖dϕ‖2)e−tdv dt ≤ 2a+ E(ϕ) < +∞ .
Suppose now that ρ(γ) is hyperboli and let f : H1
C
−→ Hn
C
be any ρ-equivariant map. For
every t, we denote by ct : [0, a] −→ HnC the urve v 7−→ f(v, t). Sine ρ(γ) is hyperboli, there
exists δ > 0 suh that the distane between f(0, t) and f(a, t) = ρ(γ)f(0, t) is at least δ, hene
the length l(ct) of ct is at least δ. This implies that
1
2
∫ a
0
‖df‖2(v,t)dv ≥ e2tE(ct) =
e2t
2
∫ a
0
‖dct‖2dv ≥ e
2t
2a
(
l(ct))
2 ≥ e
2t
2a
δ2
and
EC(f) ≥ δ
2
2a
∫ +∞
0
etdt = +∞ .

The next proposition shows that for a tame representation ρ, the invariant τ(ρ) an be
omputed with any nite energy ρ-equivariant map H1
C
−→ Hn
C
.
Proposition 4.5. Let Γ < PU(1, 1) be a torsion-free lattie and let ρ : Γ −→ PU(n, 1) be a
tame homomorphism. Then,
τ(ρ) =
1
2
∫
M
〈f⋆ωn, ω1〉 dV1
for any nite energy ρ-equivariant map f : H1
C
−→ Hn
C
.
Remark. One ould therefore take this as a denition of the invariant for tame representations.
This gives a formulation very similar to the lassial one for the Toledo invariant of a uniform
lattie.
Note that the energy niteness assumption is neessary as the following simple example
shows. Let Γ be a torsion-free lattie in SU(1, 1) generated by two hyperboli elements γ1
and γ2 suh that γ0 = [γ1, γ2] is paraboli. Then M = Γ\H1C is dieomorphi to a one-
puntured torus. Let ρ be the inlusion Γ −→ PU(1, 1). Keeping the same notations as in
the proof of Proposition 4.4, we an dene C∞ maps fµ : M −→ M whih equal identity
outside the usp, and given by fµ : [0, a] × [0,+∞) −→ [0, a] × R, (v, t) 7−→ (v, µ(t)) in D,
where µ ∈ C∞([0,+∞),R). The energy of fµ in the usp is a2
∫ +∞
0 (e
t−2µ(t) + µ′(t)2e−t) dt.
Moreover, a formal omputation gives:
1
2
∫
C〈f⋆µω1, ω1〉 dV1 =
∫
C f
⋆
µω1 = a
∫ +∞
0 µ
′(t)e−µ(t) dt =
a(1− limt→+∞ e−µ(t)). Note that this limit needs not exist and that for every c ∈ [−∞, τ(ρ)],
we may hoose µ suh that
∫
M f
⋆
µω1 = c. But if the energy of fµ is nite, then µ(t)→ +∞ as
t→ +∞, and then, ∫M f⋆µω1 = ∫M ω1 = τ(ρ).
Proof . Let f : H1
C
−→ Hn
C
be a nite energy ρ-equivariant map. Sine f has nite energy,
〈f⋆ωn, ω1〉 = 2(e′(f)− e′′(f)) is integrable on M and we an write
τ(ρ) =
1
2
∫
M
〈f⋆ωn, ω1〉 dV1 − 1
2
∫
M
〈d(
∑
i
χf⋆ςi), ω1〉 dV1 .
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The funtion 〈d(∑i χf⋆ςi), ω1〉 is integrable onM (beause so is 〈f⋆ωn, ω1〉 in the usps ofM).
Therefore, if we prove that the 1-form
∑
i χf
⋆ςi is an L
1
-form, the Stokes formula of [Ga54℄
will apply and
∫
M 〈d(
∑
i χf
⋆ςi), ω1〉 dV1 will vanish as wanted.
Now, if the generator γi of the fundamental group of the usp Ci is sent by ρ to a paraboli
element of PU(n, 1), we know that in horoyli oordinates relative to the xed point of ρ(γi)
we have gn = dt
′2 + ς2i + 4e
−t′〈〈dz′, dz′〉〉. Therefore,
‖df‖2 = trg1(f⋆gn) ≥ ‖f⋆ςi‖2 .
If ρ(γi) is ellipti, we an assume that one of its xed points is 0 in the ball model of H
n
C
.
In this ase, we have ςi = −dcψi with ψi = log(1− 〈〈z, z〉〉). The metri gn is then given by
gn = 4
〈〈dz, dz〉〉
1− 〈〈z, z〉〉 + (dψi)
2 + (dcψi)
2 .
Again, we have ‖f⋆ςi‖ ≤ ‖df‖ on Ci.
The form f⋆ςi is therefore L
1
on Ci for eah i. The proposition follows. 
We are now in position to prove Theorem 4.3 in the ase of redutive and tame representa-
tions.
Proof of Theorem 4.3. Sine ρ is assumed to be tame and redutive, Proposition 4.4 and
Theorem 1.1 imply the existene of a ρ-equivariant harmoni map f : H1
C
−→ Hn
C
of nite
energy.
Proeeding exatly as in setion 3.2 yields the inequality |τ(ρ)| ≤ Vol(M).
Before treating the equality ase, we remark that there are partiular representations for
whih it is immediate that equality an not hold:
Claim 4.6. Suppose that ρ maps the onjugay lasses cq+1,. . . , cp of peripheral elements of
Γ to id ∈ PU(n, 1) and denote by M ′ the surfae obtained by removing only the points m1,. . . ,
mq from the losed orientable surfae M of genus g. Then, |τ(ρ)| ≤ max
(
0,−2piχ(M ′)).
Proof. The representation ρ admits a fatorisation ρ = ρ′ ◦ i⋆ where i⋆ : Γ −→ Γ′ := pi1(M ′)
is the representation indued by the inlusion i : M −→ M ′ and ρ′ : Γ′ −→ PU(n, 1) is
a homomorphism. We may equip M ′ with a omplex struture suh that the inlusion i is
holomorphi.
If χ(M ′) < 0, we endow M ′ with a omplete hyperboli metri of nite volume. Then,
|τ(ρ′)| ≤ −2piχ(M ′) by the above argument. If f is any setion of the bundle M ′ ×ρ′ HnC, the
restrition of f to M an be seen as a setion of the bundle M ×ρHnC whose energy is nite on
neighbourhoods of the puntures mq+1,. . . , mp (sine energy niteness only depends on the
onformal struture of M). Then, by Proposition 4.5, τ(ρ) =
∫
M [f
⋆ωn − d(
∑q
i=1 χf
⋆ςi)] =∫
M ′ [f
⋆ωn − d(
∑q
i=1 χf
⋆ςi)] = τ(ρ
′).
If χ(M ′) = 0, then M ′ is holomorphially equivalent to either C⋆ or an ellipti urve. In
the rst ase, Γ′ ≃ Z and so ρ(Γ) is generated by a single element. If this element is paraboli
or hyperboli, then ρ is not redutive and if it is ellipti, there exists a onstant ρ-equivariant
map. Thus, τ(ρ) = 0. In the seond ase, Γ′ is abelian, generated by two elements γ1 and
γ2. If ρ
′(γ1) is paraboli or hyperboli, by ommutation, ρ′(γ2) must x the xed point(s) of
ρ′(γ1) and ρ is not redutive. If ρ′(γ1) and ρ′(γ2) are ellipti, they must have a ommon xed
point in H
n
C
, as they ommute. In either ase, τ(ρ) = 0.
Finally, if χ(M ′) > 0, M ′ is simply onneted and τ(ρ) is of ourse zero. 
We suppose now that the equality |τ(ρ)| = −2piχ(M) holds.
The harmoni map f : H1
C
−→ Hn
C
needs not be (anti)holomorphi as in the higher dimen-
sional ase, but we know that its real rank is 2 at some point, hene on a dense open
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U of H1
C
by a result of [Sa78℄, and that in the proof of Theorem 3.1, one of the inequalities
onerning R′ and R′′ is neessarily an equality on M .
Suppose for example that R′ = 14e
′(e′ − e′′) (the ase where the inequality beoming an
equality is R′′ ≥ 14e′′(e′′ − e′) is handled similarly), that is∣∣∣gn(∂1,0x f(z1), ∂1,0x f(z¯1))∣∣∣2 = gn(∂1,0x f(z1), ∂1,0x f(z1)) gn(∂1,0x f(z¯1), ∂1,0x f(z¯1))
for every x ∈ H1
C
.
This has the following simple but very important onsequene: for all x ∈ H1
C
, dxf(TxH
1
C
)
is ontained in a omplex one-dimensional subspae of Tf(x)H
n
C
. To prove this fat, we only
need to onsider points where rkR dxf = 2. We remark that a vetor subspae V ⊂ Tf(x)HnC
is J-invariant if and only if
V C = V 1,0 ⊕ V 0,1 = V 1,0 ⊕ V 1,0
where V C ⊂ TCf(x)HnC is the omplexiation of V and V 1,0 resp. V 0,1 is the projetion of V C
on T 1,0f(x)H
n
C
resp. T 0,1f(x)H
n
C
. So, if V = dxf(TxH
1
C
) is a 2-dimensional real subspae of Tf(x)H
n
C
,
V is J-invariant if and only if dimC V
1,0 = 1. Sine V 1,0 is spanned by ∂1,0x f(z1) and ∂
1,0
x f(z¯1),
the above equality holds if and only if dxf(TxH
1
C
) is ontained in a omplex one-dimensional
subspae of Tf(x)H
n
C
, aording to the equality part of Cauhy-Shwarz's inequality.
Now, we will use the same trik as A. G. Reznikov in his paper [Re93℄. Namely, we equip
the produt H
1
C
×Hn
C
with the metri hε := εg1 + gn (for a given ε > 0) and we onsider the
map φ : H1
C
−→ H1
C
× Hn
C
given by φ(x) = (x, f(x)). φ is then a harmoni embedding of H1
C
into H
1
C
×Hn
C
. Let κφ⋆hε be the Gaussian urvature of the indued metri φ
⋆hε on H
1
C
. Sine
φ is harmoni, Lemma C.4 of [Re93℄ implies that for all x ∈ H1
C
, κφ⋆hε(x) is less than or equal
to the value of the setional urvature of hε on the 2-plane Tφ(x)φ(H
1
C
) ⊂ Tφ(x)(H1C × HnC)
(whih we will all κhε(Tφ(x)φ(H
1
C
))).
Sine φ is equivariant w.r.t. the isometri diagonal ation of Γ on H1
C
×Hn
C
, these quantities
are well dened over the Riemann surfae M = Γ\H1
C
. Moreover, we have
Claim 4.7. For eah ε > 0,
Areag1(M) = −2piχ(M) = −
∫
M
κφ⋆hε dVφ⋆hε
where dVφ⋆hε denotes the volume element of the pull-bak metri φ
⋆hε on M .
Proof . We shall apply the main theorem of [Li97℄ to φ⋆hε. This metri is learly omplete
(beause g1 is), and has everywhere non-positive urvature. We have to prove that
lim
r→+∞
Areaφ⋆hε
(
Bφ⋆hε(r)
)
r2
= 0
where Bφ⋆hε(r) is the geodesi ball of radius r (at a xed point that belongs, for example, to
the ompat part of M) w.r.t. the metri φ⋆hε. Now, simple omputations show that
dVφ⋆hε =
√
ε2 + 2ε e(f) +
1
2
‖f⋆ωn‖2 dV1 .
Sine f has nite energy and f⋆ωn is L
2
, the metri φ⋆hε has in fat nite volume and we
obtain the expeted limit. Then, it follows from [Li97℄ that φ⋆hε has nite total urvature
and this implies the result (as it is explained in the same paper). 
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On U , the pull-bak f⋆gn is a Riemannian metri. Let κf⋆gn denote its Gaussian urvature.
Again, sine f is harmoni, for all x ∈ U , κf⋆gn(x) is less than or equal to κgn(Tf(x)f(H1C)),
the setional urvature of the 2-plane Tf(x)f(H
1
C
) ⊂ Tf(x)HnC w.r.t. the metri gn. Sine
Tf(x)f(H
1
C
) is a omplex line in Tf(x)H
n
C
, its setional urvature is −1. Hene, for all x ∈ U ,
κf⋆gn(x) ≤ −1.
Assume that at a ertain point p of U , κf⋆gn(p) is strily less than −1. We are going to
prove that this an not happen. For, if it does, there exist α > 0 and a small dis D around
p whose losure D is ontained in U suh that for all x ∈ D, κf⋆gn(x) ≤ −1 − α. We an
assume that the image of D in M is dieomorphi to D, and we still all it D. Now, if K is
any ompat subset of V := Γ\U ontaining D, we have
Areag1(M) ≥ −
∫
K
κφ⋆hε(x) dVφ⋆hε
≥ −
∫
D
κφ⋆hε(x) dVφ⋆hε −
∫
K\D
κhε(Tφ(x)φ(H
1
C)) dVφ⋆hε ,
sine on K, κφ⋆hε ≤ κhε ≤ 0.
When ε goes to 0, the indued metri φ⋆hε learly goes to f
⋆gn on D and therefore, on D,
the urvature and the volume form of φ⋆hε respetively go to the urvature and volume form of
f⋆gn. In the same manner, on the ompat set K, κhε(Tφ(x)φ(H
1
C
)) goes to κgn(Tf(x)f(H
1
C
)).
Again, all involved quantities are well dened on V. Hene
Areag1(M) ≥ −
∫
D
κf⋆gn(x) dVf⋆gn −
∫
K\D
κgn(Tf(x)f(H
1
C)) dVf⋆gn .
Using κgn(Tf(x)f(H
1
C
)) = −1 and remembering our assumption on D, we obtain
Areag1(M) ≥ (1 + α)Areaf⋆gn(D) + Areaf⋆gn(K\D) = αAreaf⋆gn(D) + Areaf⋆gn(K) .
This is true for any ompat subset K of V, hene
Areag1(M) ≥ αAreaf⋆gn(D) + Areaf⋆gn(V) .
Sine f(U) is (loally) a 1-dimensional omplex submanifold of Hn
C
, the volume form of the
metri indued on it by gn is simply the restrition of ωn. Therefore the volume form of the
metri f⋆gn on V is |f⋆ωn| = 12 |e′ − e′′|ω1. Hene
Areag1(M) ≥ αAreaf⋆gn(D) + 12
∫
V |e′ − e′′|ω1
= αAreaf⋆gn(D) +
1
2
∫
M |e′ − e′′|ω1
≥ αAreaf⋆gn(D) + 12
∣∣∣ ∫M (e′ − e′′)ω1∣∣∣ .
But we assumed that
∫
M (e
′ − e′′)ω1 = 2Areag1(M), so this gives e′ − e′′ ≥ 0 on M and the
desired ontradition: we onlude that the urvature of the metri indued by gn on f(U) is
everywhere −1.
If we now take a small open set U in U on whih f is an embedding, f(U) is a omplex, hene
minimal, submanifold of H
n
C
whose setional urvature equals the restrition of the setional
urvature of the ambient manifold H
n
C
: f(U) must be totally geodesi and therefore ontained
in a omplex geodesi. By a result of Sampson ([Sa78℄), this implies that f maps H1
C
entirely
into this omplex geodesi. In partiular, ρ(Γ) stabilizes this totally geodesi opy of H1
C
and
ρ thus indues a tame representation of Γ into PU(1, 1) that we shall still denote by ρ in the
sequel. In the same way, f will be seen as a ρ-equivariant map from H1
C
into H
1
C
.
Claim 4.8. The map f : H1
C
−→ H1
C
is a loal dieomorphism.
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Proof . We apply the method of Toledo in [To79℄ Theorem 4.2, to prove that e′ − e′′ > 0
everywhere on M . We rst go bak to the proof of Theorem 3.1, keeping the same notations.
We know that ∆ log e′ = 2(e′′ − e′) + 2, wherever e′ > 0. The zeros of e′ (if any) are known
to be isolated and of nite order. Suppose that there exists x ∈ M suh that e′(x) = 0, and
let r0, ε0 > 0 suh that e
′ ≥ ε0 on ∂D(x, r0) (where D(x, r0) is the dis of radius r0 about x).
For any 0 < r < r0 and 0 < ε < ε0, we set Mr,ε =
(
Mε\D(x, r0)
) ∪ (D(x, r0)\D(x, r)) and
M ′ε =Mε ∪D(x, r0).
By Green's formula, we have∫
Mr,ε
[
ηR∆ log e
′ − 〈grad ηR, grad log e′〉
]
dV1 =
∫
∂Mr,ε
ηR〈ν, grad log e′〉 ds ,
and letting r→ 0, then R→ +∞, we get∫
M ′ε
(
2(e′′ − e′) + 2
)
dV1 ≥ 4piq ,
where 2q > 0 is the order of the zero of e′ at x (see [To79℄ and the proof of Theorem 3.1). But,
letting ε→ 0, we get a ontradition with τ(ρ) = −2piχ(M). Finally, we thus have e′ > 0 and
e′ − e′′ ≥ 0 everywhere on M .
Now, if e′(x) = e′′(x) at some point x ∈M , there exists a positive onstant A suh that
−∆ log e
′
e′′
≤ 4(e′ − e′′) ≤ A log e
′
e′′
in a neighbourhood of x. This implies (see [SY78℄ and referenes therein) that log(e′/e′′) is
identially zero on a non empty open subset of M , whih is impossible, as the rank of df is
generially 2. 
We may therefore pull-bak the omplex struture of the target to obtain a omplex stru-
ture on H
1
C
with respet to whih f is holomorphi. In the following disussion, M will be
endowed with the new indued omplex struture.
As a onsequene of the uniformization theorem, there exists a properly disontinuous
subgroup Γ′ < PU(1, 1) suh that M is holomorphially equivalent to Γ′\H1
C
.
Claim 4.9. The disrete subgroup Γ′ < PU(1, 1) is a lattie.
Proof. Eah punture ofM has a neighbourhood whih is holomorphially equivalent to either
a puntured dis or an annulus. We have to show that the latter annot happen.
Let m be a punture of M and suppose that m has a neighbourhood U whih is holomor-
phially equivalent to an annulus
Ab = {z ∈ C , e−π/b < |z| < 1} , b > 0 .
In the former omplex struture, we have horoyli oordinates (v, t) ∈ [0, a] × [0,+∞)
on a fundamental domain of the usp C orresponding to m. Let us denote as before by
ct : [0, a] −→ H1C the urve v 7−→ f(v, t). Sine the harmoni ρ-equivariant map f has nite
energy, there exists a sequene (tk)k∈N going to innity suh that ck := ctk veries
lim
k→+∞
(
l(ck))
2 ≤ lim
k→+∞
a
∫ a
0
‖dck‖2dv ≤ lim
k→+∞
a e−tk
∫ a
0
‖df‖2(v,tk)e−tkdv = 0 ,
where l(ck) is the length of ck.
If γ is a peripheral element of Γ generating pi1(C), ρ(γ) is either paraboli or ellipti, beause
ρ is tame. In the rst ase, f indues a holomorphi funtion fU from Ab into 〈ρ(γ)〉\H1C (whih
is holomorphially equivalent to a puntured dis). The loops αk : [0, a] −→ C, v 7−→ (v, tk)
dene a sequene (βk) of simple loops in Ab (with index 1 with respet to the origin), and
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whose supports onverge to the irle Cb = {z ∈ C , |z| = e−π/b}. As limk→+∞ l(ck) = 0, for
every ε > 0, there exists kε ∈ N suh that k ≥ kε implies |fU ◦ βk(t)| ≤ ε for any t ∈ [0, a].
By the maximum priniple, |fU(z)| ≤ ε for any z in the onneted omponent of Ab lying
between the support of βkε and Cb. But the holomorphi funtion fU admits a Laurent series
expansion fU (z) =
∑
n∈Z anz
n
on Ab and sine, for every e
−π/b < r < 1,
|an| =
∣∣∣∣∣ 12ipi
∫
|z|=r
f(ζ)
ζn+1
dζ
∣∣∣∣∣ ≤ enπ/b sup|z|=r |f(z)| ,
fU should be identially zero, whih is a ontradition.
If ρ(γ) is ellipti, we know from Claim 4.6 that ρ(γ) 6= id and thus we may assume that it
is a rotation with enter 0 ∈ H1
C
and angle θ ∈ (0, 2pi). We now use the over map S −→ Ab,
w 7−→ eiz/b where S is the strip {w ∈ C , 0 < Imw < pi}. The ρ-equivariant map f indues
a holomorphi map fS : S −→ H1C suh that f(w + 2pib) = eiθf(w) for every w ∈ S. But the
holomorphi map gS : S −→ C, w 7−→ e−i θ2πbwfS(w) desends to Ab and, sine |gS | ≤ e θ2b |fS|,
the previous arguments applied to gS instead of fU do imply the same ontradition. 
The onlusion of Theorem 4.3 now easily follows. Indeed, denoting by ω′1 the Kähler form
of the indued omplete hyperboli metri of nite volume on M ≃ Γ′\H1
C
, we may apply the
Shwarz-Pik lemma to obtain 0 ≤ 〈f⋆ωn, ω′1〉 ≤ 2 pointwise. Moreover,
τ(ρ) =
∫
M
f⋆ωn =
1
2
∫
M
〈f⋆ωn, ω′1〉 dV ′1 ≤
∫
M
dV ′1 = −2piχ(M) .
Therefore 〈f⋆ωn, ω′1〉 = 2 everywhere and hene, if ρ′ : Γ′ −→ PU(1, 1) is the representation
indued by ρ, f denes a ρ′-equivariant isometry from H1
C
onto H
1
C
. In partiular, ρ′ (and so
ρ) is injetive, and ρ′(Γ′) = ρ(Γ) must be disrete. Finally, sine f desends to an isometry
between Γ′\H1
C
and ρ(Γ)\H1
C
, ρ is a uniformization representation and ρ(Γ) is a lattie in
PU(1, 1). 
4.2. The general ase.
Let now Γ be the fundamental group of a p-times puntured losed orientable surfae of
negative Euler harateristi M and ρ : Γ −→ PU(n, 1) be a redutive representation. In the
following, we shall prove Theorem 4.3 in this general setting.
As usual, we identify Γ with a non-uniform torsion-free lattie in PU(1, 1) and M with
Γ\H1
C
, and we all C1, . . . , Cp the usps of M . We an assume that ρ is not tame, namely
that for some 1 ≤ k ≤ p, ρ maps the peripheral elements orresponding to the puntures
m1, . . . ,mk to hyperboli isometries of PU(n, 1).
We begin by showing that the proof given in the previous setion, until Claim 4.8 inluded,
still holds here.
If one looks arefully at the preeding arguments, one sees that what is really needed is the
existene of a ρ-equivariant harmoni map f : H1
C
−→ Hn
C
suh that:
(a) the norm ‖∇df‖ is square integrable and hene f⋆ωn is an L2 form;
(b) we have τ(ρ) = 12
∫
M 〈f⋆ωn, ω1〉 dV1, whih together with (a) implies as before the
inequality |τ(ρ)| ≤ Vol(M);
() Claim 4.7 holds and hene the equality |τ(ρ)| = Vol(M) implies as for tame represen-
tations that f is a ρ-equivariant immersion from H1
C
into a totally geodesi opy of H
1
C
in H
n
C
.
Aording to Proposition 4.4, there is no nite energy ρ-equivariant map H1
C
−→ Hn
C
, so
that we an not apply Theorem 1.1. Nevertheless, we shall prove that:
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(i) there exists a (innite energy) ρ-equivariant harmoni map f : H1
C
−→ Hn
C
;
(ii) we have a ontrol on the energy density of f at innity;
(iii) this ontrol implies (a), (b) and ().
We shall use the notations of the proofs of the tame ase.
(i) Our method is the same as in [JZ97℄. We rst x a partiular ρ-equivariant map Φ :
H
1
C
−→ Hn
C
. As usual, we only dene it in eah usp Ci ofM and extend it on the ompat part
of M . We all γi a generator of the fundamental group of Ci (when working on a single usp,
we shall drop the subsript i). The notations are as in the proof of Proposition 4.4. Let C be a
usp ofM . If ρ(γ) is paraboli or ellipti, then we dene Φ as we dened f in Proposition 4.4.
If ρ(γ) is hyperboli, let ϕ : [0, a] −→ Hn
C
be a map sending [0, a] proportionally to arlength
into the axis of ρ(γ) (whih is a geodesi in Hn
C
), and suh that ϕ(a) = ρ(γ)ϕ(0). Then, dene
Φ by Φ(v, t) = ϕ(v) (we have ‖dΦ‖(v,t) = et δa where δ is the translation length of ρ(γ)).
For eah s ∈ R+, let Ms be the ompat Riemann surfae with boundary, obtained from
M by deleting the end {t > s} in eah usp of M , and let Fs be the restrition of the ber
bundle F := H1
C
×ρ HnC to Ms. From [Co92℄, we get the existene of a harmoni setion fs of
Fs whih agrees with Φ on ∂Ms and whose energy satises E(fs) ≤ E(Φ|Ms).
We want to prove that there exists a stritly inreasing sequene (sn)n∈N going to innity,
suh that fsn onverges uniformly on every ompat subset ofM . The limiting funtion f will
be the (innite energy) harmoni setion of F we are looking for. Using the same argument
as in [Co92℄, it is suient to prove that for eah 0 ≤ t ≤ s, the energy E(fs|Mt) is bounded
independently of s.
Let C be a usp of M suh that ρ(γ) is hyperboli. If we set Cs = C ∩Ms, from the proof
of Proposition 4.4, it is immediate that
E(fs|Cs\Ct) ≥ E(Φ|Cs\Ct) =
δ2
2a
(es − et) .
Moreover, denoting byM ′ the union of the ompat part ofM with the usps Ck+1, . . . , Cp,
and letting M ′′ =M\M ′ (M ′s =M ′ ∩Ms, M ′′s =M ′′ ∩Ms), we have
E(Φ|M ′s) ≤ E(Φ|M ′) < +∞
and so, beause of the energy minimizing property of fs,
E(fs|Mt) ≤ E(fs)− E(Φ|M ′′s \M ′′t ) ≤ E(Φ|M ′∪M ′′t )
whih is independent of s.
(ii) For eah i ∈ {1, . . . , k}, we now dene
αi : [0,+∞) −→ R
t 7−→ 1
2
∫ ai
0
(‖df‖2(v,t) − ‖dΦ‖2(v,t))e−tdv ,
where (v, t) ∈ [0, ai] × [0,+∞) are the usual horospherial oordinates in the usp Ci. The
αi's are non-negative funtions (see the proof of Proposition 4.4).
We laim that the energy density e(f) is ontrolled by e(Φ), namely:∫ +∞
0
αi(t)dt < +∞ for any i ∈ {1, . . . , k}, and E(f|M ′) < +∞ .
Otherwise, there exists r > 0 suh that
E
(
f|Mr
) ≥ 2 + E(Φ|M ′∪M ′′r ) < +∞ .
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We may hoose s > r suh that ∣∣e(fs)− e(f)∣∣ ≤ 1
Vol(Mr)
on Mr and so,
E
(
fs|Mr
) ≥ 1 + E(Φ|M ′∪M ′′r ) .
Now, we have
E(fs) =
∫
Ms
e(fs) dV1 ≥ 1 + E
(
Φ|M ′∪M ′′r
)
+E
(
Φ|M ′′s \M ′′r
)
≥ 1 + E(Φ|Ms) .
But fs and Φ oinide on ∂Ms and this ontradits the energy minimizing property of the
harmoni map fs.
(iii) Proof of (a). First, we remark that the map Φ used to onstrut f is a rank one
harmoni map on M ′′, and in fat, it is totally geodesi. From the formula of Eells-Sampson
(see Lemma 2.3), we thus get ∆e(Φ) = 2e(Φ) on M ′′. Let now be eΦ : M −→ R be a (C2)
funtion suh that eΦ|M ′ = 0 and eΦ|M ′′\M ′′
1
= e(Φ)|M ′′\M ′′
1
. If K is the ompat subset
M ′′1 \M ′′0 , we have
∆
(
e(f)− eΦ
)
= −‖∇df‖2 + Scal(f⋆Rn) + 2(e(f)− eΦ)
on M\K. Denoting by ηR (R > 1) the usual ut-o funtions, and using Green's formula, we
obtain∫
M
ηR∆
(
e(f)− eΦ
)
dV1 =
∫
M
(
e(f)− eΦ
)
(∆ηR) dV1
=
∫
M ′
e(f)(∆ηR) dV1 +
k∑
i=1
∫ +∞
0
(∆ηR)αi(t)dt+A ,
beause ηR only depends on t in the usps (here A is a onstant independent of R). Like in
Lemma 2.3, the inequality ‖∇df‖2 ≤ −∆(e(f)− eΦ)+2(e(f)− eΦ), whih is valid on M\K,
now implies that ‖∇df‖ ∈ L2(M) and, like in Lemma 3.4, we also obtain that f⋆ωn is L2. 
Proof of (b). Sine f⋆ωn is L
2
, we see from the proof of Proposition 4.5 that we only need
to show that eah f⋆ςi is an L
2
form to get τ(ρ) = 12
∫
M 〈f⋆ωn, ω1〉 dV1.
Let i ∈ {1, . . . , k}. We take horospherial oordinates (z′, v′, t′) ∈ Hn
C
suh that the axis
of ρ(γi) is given by z
′ = v′ = 0. Then Φ⋆ςi = Φ⋆dz′ = 0, that is ‖dΦ‖ = ‖Φ⋆dt′‖. Sine∫ ai
0
(‖f⋆dt′‖2(v,t) − ‖Φ⋆dt′‖2(v,t))dv ≥ 0 for eah t, the fat that ‖df‖2 ≥ ‖f⋆dt′‖2 + ‖f⋆ςi‖2
together with (ii) implies that f⋆ςi is L
2
.
The proof of the inequality |τ(ρ)| ≤ Vol(M) is like in setion 3.2, the key point being that
‖∇df‖ ∈ L2(M). 
Proof of (). We only have to show that for eah ε > 0,
lim
r→+∞
Areaφ⋆hε
(
Bφ⋆hε(r)
)
r2
= 0 .
In a usp Ci for whih ρ(γi) is hyperboli, we rst ompare the volume element dVφ⋆hε to
dVεg1+Φ⋆gn =
√
ε2 + 2ε e(Φ) dV1 indued by the model map Φ. For any s > 0, we immediately
get
Areaφ⋆hε(Ci,s) ≤ Areaεg1+Φ⋆gn(Ci,s) + 2
∫ s
0
αi(t)dt+
1
2ε
∫
Ci,s
‖f⋆ωn‖2dV1 .
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Reall that f⋆ωn is L
2
and, sine E(f|M ′) < +∞, the other usps have nite area w.r.t. φ⋆hε.
So
lim
r→+∞
Areaφ⋆hε
(
Bφ⋆hε(r)
)
r2
≤ lim
r→+∞
Areaεg1+Φ⋆gn
(
Bφ⋆hε(r) ∩M ′′
)
r2
≤ lim
r→+∞
Areaεg1+Φ⋆gn
(
Bg1
(
r√
ε
) ∩M ′′)
r2
where Bg1(r) is the geodesi ball of radius r with respet to the metri g1.
But Bg1
(
r√
ε
) ∩ Ci ⊂ Ci, r√
ε
, and dVεg1+Φ⋆gn =
√
ε2 + ε
δ2i
a2i
e2t e−tdv dt on Ci. From this, we
onlude that there exists a positive onstant Aε suh that
Areaεg1+Φ⋆gn
(
Bg1
( r√
ε
) ∩M ′′) ≤ Aε r .
Thus the area of balls for the metri φ⋆hε grows at most linearly and the result follows. 
As in the tame ase, we therefore know that ρ(Γ) stabilizes a totally geodesi opy of H1
C
in H
n
C
, and hene we an onsider ρ as a homomorphism from Γ to PU(1, 1). Moreover, the
harmoni map f : H1
C
−→ H1
C
is a loal dieomorphism and therefore we an pull-bak the
omplex struture of the target to M . The uniformization theorem implies that there exists
a omplete hyperboli metri g′1 on M ompatible with this new omplex struture and a
disrete torsion-free subgroup Γ′ = u(Γ) of PU(1, 1), isomorphi to Γ, suh that (M,g′1) is
isometri to Γ′\H1
C
.
However, ontrary to the ase of tame representations, Claim 4.9 does not a priori hold and
we will assume that Γ′ is not a lattie, namely that the volume of M with respet to g′1 is
innite (in fat, Claim 4.9 and the proof of Claim 4.10 below imply that Γ′ is a lattie if and
only if ρ is tame). This means that some puntures, say m1, . . . ,mq , have neighbourhoods of
innite g′1-volume. More preisely, peripheral elements of Γ orresponding to these puntures
are sent by the new uniformization representation u to hyperboli isometries of PU(1, 1) and
for eah i ∈ {1, . . . , q}, mi has a neighbourhood g′1-isometri to the annulus
Ai := {z ∈ C , e−π/bi < |z| < ai}, bi > 0, 1 > ai > e−π/2bi ,
endowed with the metri ( 2bi
|z| sin(bi log |z|)
)2
dzdz .
In partiular, there exist disjoint simple losed g′1-geodesis c1, . . . , cq in M , orresponding
to the irles {|z| = e−π/2bi} in Ai, suh that ci is null-homotopi in M ∪ {mi} for eah
i ∈ {1, . . . , q}.
If we ut M along these geodesis and double the remaining nite volume part M0 (whose
interior is dieomorphi to M) along its (possibly disonneted) g′1-geodesi boundary, we
obtain a surfae 2M , on whih g′1 extends by symmetry to a omplete hyperboli metri of
nite volume. We all σ the g′1-isometri (antiholomorphi) involution of 2M . Note that the
Euler harateristi χ(2M) of 2M equals 2χ(M).
We want to extend the representation ρ : Γ −→ PU(1, 1) to a representation 2ρ of the
fundamental group 2Γ of 2M . For this we need an adapted presentation of 2Γ.
The hyperboli metri g′1 on 2M allows us to identify 2Γ with a lattie in PU(1, 1) and
2M with 2Γ\H1
C
. Call again pi : H1
C
−→ 2M the overing projetion and hoose a onneted
omponent X ′ of H1
C
\⋃qi=1 pi−1(ci). Sine ⋃qi=1 pi−1(ci) onsists of disjoint geodesis of H1C,
X ′ is a onvex set whose stabilizer in 2Γ an be identied with Γ′. Moreover, pi(X ′) = Γ′\X ′
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is just the interior of M0, seen as a subset of 2M . For eah i hoose a lift c˜i of ci in the
boundary of X ′, a generator γ′i of the yli stabilizer of c˜i in Γ
′
, and all σi the symmetry
w.r.t. c˜i. It is easy to see that the symmetries σi are lifts of σ and therefore for all i there
exists hi ∈ 2Γ suh that σi = hiσ1.
Let X ′′ = σ1X ′ be the other omponent of H1C\
⋃q
i=1 pi
−1(ci) adjaent to c˜1, and all Γ′′
(= σ1Γ
′σ1) its stabilizer in 2Γ. Note that, for all i, h−1i γ
′
ihi = σ1σiγ
′
iσiσ1 = σ1γ
′
iσ1 belongs to
Γ′′.
The fundamental group 2Γ of 2M has the following abstrat presentation (see for exam-
ple [Se77℄). It is generated by the sets Γ′ and Γ′′, together with the hi's, subjet to the
relations:
- the relations of the groups Γ′ and Γ′′;
- for all i ∈ {1, . . . , q}, the element γ′i of Γ′ is identied with the element γ′′i := h−1i γ′ihi of Γ′′.
Now, it follows from the disussion in the proof of Claim 4.9 that for all i ∈ {1, . . . , q},
gi := ρ ◦ u−1(γ′i) is an hyperboli isometry of H1C. Call si the symmetry w.r.t. the axis of gi
and set  2ρ(γ
′) = ρ ◦ u−1(γ′) for γ′ ∈ Γ′ ;
2ρ(γ′′) = s1(ρ ◦ u−1(σ1γ′′σ1))s1 for γ′′ ∈ Γ′′ ;
2ρ(hi) = sis1 for i ∈ {1, . . . , q} .
This is learly ompatible with the relations of 2Γ and hene 2ρ is a well-dened representation
of 2Γ into PU(1, 1).
Claim 4.10. The representation 2ρ : 2Γ −→ PU(1, 1) is tame.
Proof . It is enough to show that, for any i ∈ {q + 1, . . . , p}, the peripheral elements γi
orresponding to the puntures mi are not mapped by ρ to hyperboli isometries of H
1
C
.
Suppose that one of them is. We drop the subsript i. The quotient 〈u(γ)〉\H1
C
is holo-
morphially equivalent to a puntured dis D⋆ = {z ∈ C , 0 < |z| < 1}, whereas the quotient
〈ρ(γ)〉\H1
C
is holomorphially equivalent to an annulus A = {z ∈ C , a < |z| < 1}. The
ρ-equivariant holomorphi map f : H1
C
−→ H1
C
indues a holomorphi map f from D⋆ to
A. This map is bounded and hene extends to a holomorphi map from the whole dis D to
A. This is impossible sine the ρ-equivariane of f implies that for all 0 < r < 1, the loops
f({z ∈ D⋆, |z| = r}) are homotopially non trivial. 
Claim 4.11. The invariant τ(2ρ) is maximal: τ(2ρ) = −2piχ(2M).
Proof . Sine 2ρ is tame, there exists a nite energy 2ρ-equivariant map f : H1
C
−→ H1
C
and
τ(2ρ) =
∫
2M f
⋆ω1.
For eah i ∈ {1, . . . , q}, we may hoose a symmetri tubular neighbourhood Ni of the
geodesi ci and a lift N˜i in H
1
C
suh that Ni = 〈γ′i〉\N˜i. Let ψi be a Kähler potential assoiated
as before to a xed point ξi of 2ρ(γ
′
i) and let ςi be the orresponding 1-form. Then f
⋆ςi is
a 1-form on Ni suh that f
⋆ω1 = df
⋆ςi. If now η is a symmetri ut-o funtion on 2M
identially equal to 0 outside the Ni's and to 1 lose to the geodesis ci, we get:
τ(2ρ) =
∫
2M
[
f⋆ω1 − d
( q∑
i=1
ηf⋆ςi
)]
=
∫
M0
[
f⋆ω1 − d
( q∑
i=1
ηf⋆ςi
)]
+
∫
σM0
[
f⋆ω1 − d
( q∑
i=1
ηf⋆ςi
)]
=
∫
M0
[
f⋆ω1 − d
( q∑
i=1
ηf⋆ςi
)]
−
∫
M0
[
σ⋆f⋆ω1 − d
( q∑
i=1
ησ⋆f⋆ςi
)]
.
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Extending the form f⋆ω1 − d(
∑q
i=1 ηf
⋆ςi) on M0 by zero to a form on M , one sees that∫
M [f
⋆ω1 − d(
∑q
i=1 ηf
⋆ςi)] = τ(ρ).
The forms σ⋆f⋆ω1 on M and σ
⋆f⋆ςi on Ni are respetively indued by σ
⋆
1f
⋆ω1 on H
1
C
and σ⋆1f
⋆ςi on σ1N˜i. Sine s
⋆
1ω1 = −ω1, one has σ⋆1f⋆ω1 = −(s1 ◦ f ◦ σ1)⋆ω1. Moreover,
ςi = s
⋆
1s
⋆
1(−dcψi) = s⋆1dc(ψi ◦ s1), and ψi ◦ s1 = ψi ◦ si ◦ s1 = 2ρ(hi)⋆ψi. Hene σ⋆1f⋆ςi =
−(s1◦f ◦σ1)⋆2ρ(hi)⋆ςi. Sine s1◦f ◦σ1 is also ρ-equivariant, the 1-form (s1◦f ◦σ1)⋆2ρ(hi)⋆ςi =
h⋆i (s1 ◦ f ◦ σ1)⋆ςi on h−1i N˜i = σ1N˜i indues (s1 ◦ f ◦ σ1)⋆ςi on Ni. Finally,
−
∫
M0
[
σ⋆f⋆ω1 − d
( q∑
i=1
ησ⋆f⋆ςi
)]
=
∫
M0
[
(s1 ◦ f ◦ σ1)⋆ω1 − d
( q∑
i=1
η(s1 ◦ f ◦ σ1)⋆ςi
)]
and the r.h.s. again equals τ(ρ) sine s1◦f ◦σ1 is a ρ-equivariant map. Hene τ(2ρ) = 2τ(ρ) =
−4piχ(M) = −2piχ(2M) and the lemma is proved. 
The representation 2ρ : 2Γ −→ PU(1, 1) is therefore a tame representation of maximal
invariant. It follows from the results of setion 4.1 that there exists a 2ρ-equivariant isometry f
fromH
1
C
onto H
1
C
. Sine f is a fortiori (ρ◦u−1)-equivariant, ρ is a uniformization representation
and we are done.
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